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ABSTRACT

The t <0 multiperipheral formalism of Ciafaloni, DeTar,

- Misheloff, Mueller, Muzinich and Yesian is reviewed, extended, and
applied to the ordered S-matrix whose ring amplitudes comprise the
zeroth level of the topological expansion. Toller M-function
notation is used throughout. The bootstrap and cylinder problems
are formulated in terms of a well-defined helicity pole propagator;
a definition of the complete twisted Reggeon loop, which appears

in the one-twist term of the cylinder, is given as a helicity pole
expansion. Some consideration is given to the following subjects:
diagonalization, naturality, threshold behavior, Regge cuts, and

complex helicity.
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(1) INTRODUCTION

During the year 1969-1970, after a period of vigorous activity
in the field of multiperipheral dynamics, Ciafaloni, DeTar, Misheloff,
Mueller, Muzinich and Yesian presented, in five heavily overlapping
papers, the exact kinematic analysis of the multiperipheral model.l-5
These papers were, in our opinion, extremely complicated in part due
to the nature of the subject, and in part due to the fact that they
incorporated mathematical ideas which were simultaneously being
invented by the mathematicians, notably Mukunda.6 Possibly, the
relative obscurity of these papers has discouraged people from
attempting an exact multiperipheral calculation, leading them instead
to rely upon the approximate Mellin analysis and thereby to relinquish
the capability of handling the true angular momentum which is central
to Regge physics.

Since the invention of the S-matrix topological expansion in
1973-74 by Veneziano, there has been some renewed interest in multi-
peripheral calculations, in particular as they pertain to planar
amplitudes. In a recent review,7 Chew and Rosenzweig have partially
reformulated these planar ideas in terms of the so-called Ordered
S-Matrix, the connected parts of which are called ring funétions.
Although the concept of ordered ring amplitudes has not yet been
convincingly extended to the baryonic sector, it seems likely that
efforts now in progress will soon succeed.8

In this paper wé have attempted to review, elaborate upon, and

consolidate the ideas of Ciafaloni et al, and to adapt these ideas to

the ordered S-matrix framework.
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A reader familiar with the above-mentioned multiperipheral papers
would find, upon comparison of our descriptions with theirs, many
differences in presentation, some of which we now enumerate. First
of all, we feel we have greatly simplified the group-theoretic aspect
of the multiperipheral analysis by identifying, as the agent which
performs the diagonalization of the multiperipheral equations, an
almost trivial addition theorem involving the same Legendre Qj—type
functions which appear in the Froissart-Gribov projection of Regge
theory. These Legendre functions are generalized in that they carry
complex helicity indices whose role we continually stress. The
reader is referred to Ref. 9 for an extensive discussion of this
group theoretic business.

Another difference one will notice is our attempt to isolate
and identify an object called the helicity pole propagator which
connects cluster discontinuities along the multiperipheral chain.
Strangely enough, this propagator owes its existence to a factorization
condition which results from the same Legendre addition theorem
mentioned above.

Obviously spin is an important concept in a multiperipheral
analysis which purports to compute Regge trajectories. We have
attempted to include spin in full generality (i.e., on external
particles as well as internal poles) by making use of the Toller
M-function formalism. To our knowledge, no one has written unitarity
equations in this formalism which seems so well suited to the presen-
tation of multiperipheral kinematics.

Interlaced with the discussion on the following pages one will
find a sort of running commentary on parity and naturality, leading

to a naturality diagonalization of the planar bootstrap which is,



we feel, an improvement on the original discussion by Ciafaloni and
Yesian.

Generally speaking, the exact kinematic analysis allows one to
think about things which simply do not exist in the rapidity framework
which more or less ignores helicity. We have extracted the threshold
behavior of the ring functions and have made a start at examining the
nonsense zeros which are presumed to remove Regge cuts.

In Section (5) we describe in a rather different manner than
that of Refs. 2 and 4 the construction of the standard frames of the
multiperipheral ladder. By continuing the ladder kinematics to the
center-of-mass cross channel, we show in Appendix (E) how the peculiar
boost parameters which link the standard frames are the continuations
of variables familiar from center-of-mass kinematics.

The "planar'" bootstrap and cylinder problems are both set up —
the cylinder in more detail because it lacks the counting problem — but
no detailed calculation is attempted because we are stymied by a problem
involving the correct method of shifting the heliéity contour. We
have isolated this problem in the last section of the paper; it must
be solved before the machinery described herein can be put to work.

Nevertheless, we do obtain an exact formal expression for the
complete twisted Reggeon loop k(t) which controls the cylinder shifts
of the planar trajectories in the phenomenology of Chew and Rosenzweig}

For a detailed outline of the paper we refer to the Table of
Contents preceding this Introduction. In general, the first eight
sections describe the multiperipheral construction, Section (9) gives
the angular momentum diagonalization, and Sections (10) and (11) apply

the analysis to the bootstrap and cylindér problems.
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(2) MULTI-REGGE PRODUCTION AMPLITUDES

To motivate the specific form we use for the multi-particle
production amplitudes, we appeal to the notion of a particle pole in
the S-matrix. Figure 1 shows a particle pole term known to be present

in the 6-point function (repeated indices are implicitly summed),

M

(a,,a,,a,,a,,a.,a,) =
1°2%92>%35%2%5-%¢
m,m,m,m,m.mg

Sy
cDp 1 (8

M.m (a s»a,,a, ,a ) Mm 1 (a a a' a )
7 3 L 5 . 12722 > *
7m3ml}m5 57 - m:; + 1€ 1m21-n7m6 4 &
' (2.1)

This pole has a residue which factorizes into two pieces, each piece
being a 4-point function normalized in the same way as the original
6-point function.

Each x in Fig. 1 marks a particular standard rest frame for the
particle on whose line the x appears. (When the pole is reggeized
below, some X's must denote spacelike rest frames.) The notation is

approximately that of Toller:11

the s, are the spins of various
particles, m. are helicities (component of spin along the z-axis in
the standard frame marked by an X). The same symbols S5 and m. are
aiso used to denote certain Mandelstam invariants and masses of
particles; the usage should be clear from the context. The meaning
of a dot under a helicity index is explained in Appendix (B).

The a; appearing in Eq. (2.1) and Fig. 1 are, for each particle,
the parameters of a (possibly complex) Lorentz transformation which
connects the particle standard rest frame to an arbitrary 'lab" frame
as indicated in the figure. The variable g appearing in D:Zm;(g)

1 1

denotes the rotation g = a; a, ; the standard D-function [see

Appendix (A)] is generated by covariation from the M-function on



the left according to the simple rule given in Eq. (B.3). s, is
the spin of the particle pole, and m,,m; are the helicities of that
particle in two different reference frames.

It is perhaps worth noting that, although they carry spin and
helicity indices, the M-functions appearing in Eq. (2.1) are Lorentz
scalars, unlike the momentum space M-functions of Stapp12 and Taylor.l3
Secondly, we have been careful to properly order the particles
consistently around the connected parts so that all our equations
apply equally well to the ordered amplitudes (ring functions) in the
ordered S-matrix framework associated with the topological expansion.7

The factor (s, - mi +i£)'1 in (2.1) is of course the actual
pole; the numerical constant c is discussed below in Section (4),
and can be arranged to equal unity.

Equation (2.1) is, for the pole term, an exact statement. We
now assume that this particle pole is in fact one of many poles which
occur on a Regge trajectory a,. The contribution of a, to the 6-point
function shown in Fig. 1 should be given by the above expression with
s, continued to a, and with the various group arguments and invariants

continued so that the equation is in a useful Regge region. Accounting

for signature, the usual Regge machinery* may be implemented to give

*Regge theory for n-point functions with n> 4 is much more complicated
than we make it sound.-’? Rigorously,38 both the physical and
ordered S-matrix n-point functions must be decomposed into a sum of
"spectral components'" by means of an (n - 3)-variable dispersion
relation (Bargmann-Weil). Each spectral term contains only Steinmann-
allowed multiple discontinuities, a fact which implies the existence
of a Lehmann ellipse of convergence for each z; variable in an
appropriate physical cross channel (hexagraph). As a result, the
infinite angular momentum and helicity sums are convergent at least
somewhere, and this allows the Sommerfeld-Watson continuations to be
defined. So, rigorously one does a Regge analysis on each spectral
component and then adds the results, or one sticks with a single
component and diagonalizes unitarity onto the spectral components.

We feel that the form of our results will be the same in either the
rigorous Regge theory or Ref. 38, or the naive Regge theory presented
in Section (2).
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the following result (see Fig. 2):

M51"Ss . MoL.,s.ss“s5 [factor]a7TZ »5152“255 , 2.2)
m, ..M m,m m,mg m,m, m,mm
where we have suppressed the a, arguments, and where
T -im -im'¢'
[factor]*', = e ¢ . " ca'm
mm
o m+é€ .0
SR CES IR T65 DL W €3)
X ? (2.3)

2 sinm (o +m)

The variables g = (¢, z=cosB, ¢') which appear in Fig. 1 are now
0(2,1) variables (¢, z=cosh, ¢'). The signature of Reggeon a, is

T, (a spin-’ particle has positive signature), and € =0 or % depending
on whether a, is a boson or fermion trajectory. Using Eq. (A.8) one

may show by taking a, > s, that the Regge form (2.2) duplicates the

7
particle pole term of Eq. (2.1).

The final step in obtaining the Regge form we shall use is to
perform a '"Mandelstam trick" operation14 which causes the first-kind

functions in [factor]mm, to be replaced by second-kind functions

which have simpler asymptotic behavior. Performing this operation

we find
[factor];;. = y& E;;:I(g) s (2.4)
where
_ _s P _imtht
E% Mg = o™ %l MY (2.5)
Y = -co'tanm(a-€) , (2.6)
and

-im(o -€)
= [e b ] ) 2.7)

2 sinm (o - €)
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The function e;;:l(z) , defined in Eq. (A.10), has the expected
Regge behavior 2% for large z, £ is a standard signature factor, and
Y contains the leftover factors. In particular, Y contains a' and
therefore has dimensions E'z. In Eq. (2.1) these dimensions are
generated by the pole itself. Realizing that the n-point Toller
M-function has dimensions E4'n, one may verify the dimensional
correctness of (2.1) or (2.2).

The Regge residues appearing in (2.2) are three-particle/one-
Reggeon amplitudes normalized in the correct way so as to become
physical four-particle amplitudes when the Reggeon is taken to the
appropriate value of mass and spin (and signature, if M is not an
ordered amplitude). Since the physical helicity amplitudes must
vanish when the helicity is out of range (has a nonsense value),
the residues must contain factors to knock out the unphysical poles,
since this ghost-killing function is not being performed by [factor]mm,.
For example, one might take™

S 7
Ma7535u55 _ j}:ii _ M
mmm, - 1
M, My, My 4 3 [I‘(cz7+1+m7)1‘(cz7+1-m.,)]i

(2.8)

So far we have considered the Reggeization of a single-pole
term in unitarity. Had we started with the appropriate multiple pole
term, we could have obtained a multiple Regge residue or four-Reggeon
amplitude which, were all Reggeons continued to particle points,
would be normalized so as to yield a physical four-particle helicity

amplitude. We feel that this is a useful way to normalize Regge

*In the sense-nonsense region, additional square-root zeros are
provided by the d-functions. See, for example, Fig. 8e of Ref. 9.
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residues, and is ultimately necessary if one attempts a complete
bootstrap of, say, the triple-Regge vertex. We shall mention this
later in Section (10) (but will not attempt such a bootstrap).
Although three-particle scattering amplitudes have no place in
a stable-particle S-matrix theory, unstable particles may be ca}led
upon to give meaning to the following equations. Figure 3 shows a
particle pole term in the 4-point function. In analogy to (2.1)

we write

S.5,S.S
1727374 .
M a ,a_,a_,a ) =
1°72°273° 7y
m m,m.m,

S
CDms l(g)] S S.S

S:S,S

5737y Mg 2”5

Mo (Bsr2552,) [ S M ! (a,,a,,al) . (2.9)
s 5

2
53y -m- +ie
s ~ Mg i

Reggeization in the same way as before yields this expression for the

Regge pole term shown in Fig. 4:

S,..S ®.S.S -0-1 S,S,0
1 b - 5734 5 1°2%5
Mm m - Mm m,m [YSES En%n% (gi] Mmlmzwg ’ (2.10)

1°°7y 5734

Again, the Regge residues (pieces of the factorizing residue of the
Regge pole in the Froissart-Gribov projection) appearing in Eq. (2.10)

are normalized so that, as a, + s_, these two-particle/one-Reggeon

5>
amplitudes approach the standard three-particle Toller M-functions
appearing in Eq. (2.9). The helicity nonsense-zero structure of
these standardized '"Regge couplings" is presumably similar to (2.8)
above. Notice from the rule ]34_n that these Regge couplings have the
dimensions of energy.

By reggeizing a double pole unitarity term, one may obtain the

following Regge contribution for the two-to-three production amplitude

shown in Fig. 5:



Sy..5g $,S30¢ B -06-1
= v& E (g.)
Mml..m5 Mm2m3m6 i 6°6 msmé ed
- —
OgSy0y -0,,-1 Q,S.S,
* Momm 15 Epme @M n - (2.11)
6 u 7 L 77 ~ <7571

CeSy0y
The object M is the two-Reggeon/one-particle amplitude which

continues to the Toller 3-point function when o, -+ s . and o, > s,.
Again, this '"'double Regge vertex'" has dimensions of energy, as does
the triple Regge vertex which we have not shown. These vertices differ
considerably from the phenomenological Regge couplings (dimensionless)
and triple-Regge couplings (GeV‘Z).

The form of the general multi-Regge production amplitude should
be clear from Eq. (2.11). Each Reggeon gets a bracketed 'propagator"
factor with linking helicity sums on both sides. All vertices are
standard Toller 3-point functions continued in the appropriate way.

We conclude this section by observing that, in the ordered
S-matrix framework where the M-functions in (2.11) are replaced by
ordered ring amplitudes, the multi-Regge-pole expansion should be,
in the peripheral region, a very good approximation since there are
(presumably) no Regge cuts in the ring functions. The theoretical
accuracy of (2.11), when summed on o, and a,, is thus limited only by
peripherality and the convergence rate of the Regge asymptotic series,

i.e., duality.
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(3) THE VERTEX: HELICITY AND PARITY CONDITIONS

We have been writing the triple vertex in the form Mmlmzms(apa?aa)
to stress the fact that the vertex is like any other n-point Toller
M-function. As we now show, however, this notation is extremely
redundant. Using the freedom allowed by the Toller invariance condi-
tion [see Eq. (B.3)], one can choose to superpose the external 'lab"
reference frame — with respect to which the various a; are defined,
as in Fig. 1 — onto one of the standard reference frames associated
with the vertex. Since the vertex standard frames are connected by

certain z-boosts g,, O and q which are functions only of the

2,

invariants entering the vertex [see Eq. (5.1)], one may conclude that

m m_m
1 2

situation is illustrated in Fig. 6a where we have placed the reference

(a,,a,,a,) is itself a function only of these invariants. This
3

frame onto the standard frame of particle 1 to get Mm n

-1 _-1
1 2m3(e,q 0,7,

where e is the identity transformation.

1. Helicity Conservation

Consider now this series of operations in which ¢ represents

the z rotation Rz(¢):

mm2

M (a,,a,,a,)
1 m3 1272 3

-1

1]

-1
(e, q ", 0. °)
m1m2m3 1

M m,m, C0es 047, 4071

m,m,

L C A o} %)

-im -im -im - -
e l¢ e 2¢ e 3¢ M (e, q 1’ 011)
m1m2m3

-i¢(m,+m,+m,)
e Mmlmzma(al’aZ’aSJ . (3.1)
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In line 1 the reference frame is identified with the rest frame of
particle 1, as already noted. In line 2 the ¢'s are made to appear
via the invariance condition of Eq. (B.2). 1In line 3 these rotations
are commuted through the 2z boosts q-1 = BZ(-q) and 0;1, and then in
line 4 the ¢'s are separately covariated to the right according to

Eq. (B.3). Comparison of the last line with the first then shows that
m +m, +m, = 0 | (3.2)

i.e., helicity is conserved at the vertex.”
One does not find such a condition for the higher n-point
functions because the rotation ¢ does not commute through all the

a; no matter how they are chosen.

2. Parity Invariance

If parity is an invariance of the theory, we may use an argument
similar to that of Section 3.1 to state parity invariance in terms of
the vertex. Since the parity operation, which Toller15 calls s, is
an element of the little group H, of the 4-vector (%*,0,0,0), the rotational
covariance conditions [shown in Eq. (B.3)] may be extended to read, e.g.,

3n3

\]
3Mg

s) = I, M

m (81,32,33),

m2m3

S
m (al ’aZ ’aas) = M m; Dm

1MpMy m, m, 1

(3.3)

where II, is the intrinsic parity of particle 3. Since the operation s
fails to commute through the z boosts [see Eq. (7.6)], it is more

convenient to use Toller's parity operator s' defined by

st = Ry(ﬂ)s (3.4)

*But see Section 3.4 for qualifications on this and subsequent
equations of this section.
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for which the covariance condition on particle 2 reads, according
to Eqs. (3.3) and (A.8),
Sy,
M (a,,a,,2,s') = [Ha(—l) ] M

m.,m,m m.m

(a,,a,,a.) . (3.5)
17273 17227 1772778

m,

Operator s' brings out the intrinsic parity and negates the helicity
of the affected particle. Since s' does commute with the z boosts,

one may repeat the argument (3.1) to find this vertex parity condition:

M 5 Sl_mi
honm @ea) = Mo (ahaga) TG
17273 1 2 3 i=1
(3.6)

As a corollary to Eq. (3.6) one has either

3

TT 1 (-1 Si\ 1 515253

s i(- ) =1, or MO()O (a,,a,,3,) = 0 . (3.7)

For example, if s, = s, =0 then all three helicities must vanish and
one concludes from the above that the vertex vanishes if H1H2H3 #
S
3 .
(-1) ', as one would expect from a more conventional angular momentum

argument.

3. Parity with Reggeons

Another convenient property of the parity operator s' is that
s', unlike s, belongs also to the little group H_of the spacelike
rest vector (0,0,0,*), as does Rz(¢). Therefore, if one or more of
the particles at a vertex is replaced by a Reggeon — which may be
spacelike so that H_is the appropriate little group — one shall find
that the helicity and parity conditions still exist. The helicity
conservation condition of Eq. (3.2) is unchanged, except as noted

below. The Reggeon parity covariance condition is

S,S,04 [ —iﬂma] $,S,03
' = 3.8
mlmzms(a,,az,aBS ) g, e mlmz,_ms(al,az,as) (3.8)
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where

o. = I. e (3.9)

with s; @ physical point on a; and Hi the intrinsic parity of that
physical point.

The quantity Oi appearing in (3.9) is what we shall call the
Reggeon naturality, and is a constant along an ordered Regge trajectory.
Another way to say this is that the exchange degenerate partners which
together compose an ordered (planar) Regge trajectory have the same

naturality o,, even though the intrinsic parity Hi and spin parity

Si7€i

(-1)
Eq. (3.8) reproduces (3.5).

alternate at the physical points. One sees that, as o, > Sy»

For fermions, the physical point parities Hi and naturalities
Gi are, according to Eq. (3.9), out of phase by 90°. In the M-function
formalism one can prove16 from crossing and TCP that

25i

Moz = (-1) (3.10)

A purist, allowing for the possible existence of self-conjugate
fermions, would have to accept imaginary parities for those fermions.
As emphasized by Stapp17 the most reasonable convention is to give
all fermions imaginary intrinsic parities. (Toller too uses this

11

convention. ) In this case, naturality o = *1 for fermions as well

as bosons.
We leave to the reader a comparison of Eq. (3.9) with the more
common definition of naturality
S;-€

ng = P.(-1) 7 (3.11)

where intrinsic parity Pi = *1 for both bosons and fermions, and
€ = 0 for bosons and one-half for fermions. Certainly for bosons,

ni = Ui.
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Once Eq. (3.8) has been established, the argument of Eq. (3.1)
may be applied to give a parity condition for the single Regge vertex
shown in Fig. 6b:

s,s, S, S, O,

17273 1
M (a,,a,,a) = M (a,,a,,a)
mlmzm3 1272773 -m, ,-Mm, ,~Mg 1°72°73

«[r ™™ ™™ [0, ]

This says, e.g., that two pions cannot couple to an n trajectory,

(3.12)

even though such a coupling is allowed by G-parity.
For the two-Reggon/one-particle vertex a condition similar to

Eq. (3.12) results (see Fig. 6c):

a,0,S, ) [ -iﬂml] [ -iﬂmz] [ 5~y
om (a,,a,,a;) = [0, e o, e Ha(-l)
12 3
o, O, S
1 2 3
8 M-ml—mz-ma(al’aZ’aa) . (3.13)

The triple-Regge vertex is more complicated because one cannot
always link the three standard frames with z-boosts. In particular,
when A(t1’tz’ta) is negative, the three frames are connected by
y-rotations18 (see Fig. 16). Conveniently, the parity operator s'

also commutes with y-rotations; the parity argument then goes through

to yield
-i -imm -i
Tt o ™ o ™ [, ™
- 31’32’33) = , © 2 ; ©
1M
0, O, O,
x M-ml—mz-ma(al’az’a3) R (3.14)

so that negating the Reggeon helicities is equivalent, for A>0,
to multiplying by the product of the Reggeon naturalities, since

the helicities cancel by Eq. (3.2). However, since y- and z-rotations
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do not commute, the helicity condition of Eq. (3.2) is broken for

the spacelike triple-Regge vertex, A<O.

4. Caveats, and the Vertex V

We must now add two important qualifications to the preceding
equations of this section. As written, they apply to Toller 3-point
M-functions with all particles and Reggeons being in the initial
"state'" and with all spinor indices of the undotted upper type (see
Appendix B).

To be consistent, certain particles and Reggeons must be put
into the final '"'state'" of each vertex. We choose to let this convention
be determined by the direction of the arrows in, say, Fig. 15. Whenever
a particle or Reggeon is in the final state, the relevant bracketed
factor in Egs. (3.5) -+ (3.8) and (3.12) + (3.14) must be complex-
conjugated.

Secondly, we must face the fact that inevitably some of the
helicity indices we are dealing with are of the undotted lower type.
These indices, marked underneath by dots as in Eq. (2.1), are necessarily
lower in order to preserve the spinor covariance of the equations.

When an amplitude with a lower undotted helicity index is covariated
as in Eq. (B.3), the D function must be replaced by D*. The net
result is that helicities in Eq. (3.2) corresponding to lowered
indices will enter with minus signs. However, the parity conditions
are the same, regardless of whzther indices are upper or lower.

The vertices in which we are mainly interested have the form
of the central vertex of Eq. (2.11). In the notation of Appendix B
and with the conventions made above (and, as always, maintaining the

cyclic ring ordering) we write this vertex as
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a.s, o Ao *m a.s O
6747 7 4 6747
] -
. = M, (2,: 8},a) = V, . (3.15)
- Smkm7 mG memkm7

The helicity and parity conditions for this vertex are then found

from Eqs. (3.2) and (3.13) and the above conventions:

m, - m; +m, = 0 (3.16)
a.s, o -1Tm S, -m -1Tm .S, o
6 4 7 .;* ‘+‘+* .7 6 L4"7
V., = |lo. e I (-1) o. e V>, }
m.mm, 6 4 7 -Mg-m, -Mm,
(3.17)

Once again it should be stressed that this vertex V has the
standard normalization of a Toller M-function, has dimensions of
energy, and (in addition to the labels shown) is a function only of

the invariants entering the vertex.

(4) THE UNITARITY PRODUCT
Even when all particles carry spin,13 the unitarity equations
for the momentum-space M-functions are completely characterized by

the usual bubble diagrams%9 together with a set of '"Olive's rules,"

-2Tic 6+(p2-m2)

internal line

independent loop d*p/ (-2micf)

pole c/(s - m’ + ie)

One needs also the relation between the M-function bubbles and the

raw connected parts:

(s ) (-2micE) §"(ext) M(H)

<s:> (-2micH)* 8" (ext) m(-)

In these relations, the constant f determines the normalization of

the single-particle states,
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(p,m|p',m'> = 2E£8°(p-p')é

m,m' °’

and c¢ gives the pole residue, as in Eq. (2.1). Authors naturally

differ in their conventions, e.g.,

gLop:1° c=1 £=(2m°
Stapp: 2 c=i £= 2m°
Taylor:13 c=-1 f=1/2

We favor the convention of ELOP, but shall always give resuits in
terms of c¢ and f.

Once a unitarity equation is expressed in terms of the Stapp-
Taylor M-functions Mml""(p1’P2"")> it may be converted to Toller
M-functions via the inverse of Eq. (B.4). Details of this conversion
process with attention paid to the spinor indices will be given
elsewhere.16

Before tackling the general multiperipheral unitarity product,
we first illustrate the form unitarity takes in terms of the Toller
M-functions by writing down elastic unitarity as sketched in Fig. 7.

The formula is

57 disc Mm o (3108,535,3,)

123y
= —cfnf dQZ[Mm nomom (a,,a,,3, as)]
34 65
s Se
X (X) d (X) .(a,a,a, ),
Mg ; M ' Mm1m2msms 1>%2:%5%

(4.1)

where

" +. 2 2 y +. 2 2
d P, ) (ps-ms) d p6 8 (ps-ms)

dQ, = §'(p,+p,-P,-P,)
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. s . . . . 7
As usual, we are maintaining the ring function ordering conventions.

The dots over the m, and m, indices on the left side of Eq. (4.1) are

3 4
necessary to maintain the spinor covariance. The rotation functions
arise in the same way as the D(g) in Eq. (2.1), namely, from the
Toller covariance condition shown in Eq. (B.3). We are anticipating
a system of standard reference frames to be reviewed shortly in which
it will turn out that these rotations will be pure y-rotations, Xi’
whose presence was first noticed by Misheloff.4 At t=0 the rotations
all vanish, but for t <0 they do not vanish and are determined up to
a sign by the peripheral invariants ts [see Section (5)].

From Eq. (4.1) it should be clear how the general n-body unitarity
product appears. Each intermediate particle gets a Misheloff rotation,

and the helicity indices are summed over systematically. The n-body

phase space is

(4.2)

n
aQ_ = 8" (ext) :I;l'l(

b +, 2 2
f

where, as in Eq. (B.1), p; = L(ai)ﬁi. Sometimes it is useful to
visualize each produced particle as a cluster of variable mass and
spin, in which case Eq. (4.2) can be adjusted by replacing
+,.2 2 +,. 2 . .
§ (pi-mi) + 6 (pi--si)dsi and adding spin sums zéi'
We are now ready to insert into the general n-body unitarity

product a model for the production amplitudes, namely, the multi-

Regge production amplitudes developed in Section 2, which we now

write as
$2505,5,- - -SnShb Vsasoa1 ’Y : E—al-l( )‘
= L] g
m_P,P,P,: P M mpom, 171 - mr 17 (4.3)
Valsla2 B . E-az—l( )‘ 0nSnSh
T,P,m, _YZ 2 = m,r, 27 ] TnPnMp
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This amplitude is shown in fig. 8; the V's are the standard vertices
described in Section (3), and we are now using m,r,p as helicity
labels.
It is perhaps useful to observe that the bracketed factors in
Eq. (4.3) have three sources of phase when a is real:
i) the azimuthal phase exp[-i(micpi + ri¢;)] from E(gi);
ii) the phase (ii)mi-ni from the e-functions at z>1
arising from the kinematic spin cuts (half angle factors)
in the amplitude;
iii) the Regge phase of the signature factor Ei.
Of these three phases, only the Regge phase will be incorporated into
the helicity pole propagator to be defined below.
Suppressing the Toller a, arguments, we now state the n-body

multiperipheral unitarity product as
1 SbSaSaSh sés ...slsos; *
T—disc Mm <yt = -cfm dQn° (] v]
1 bMa™a™b TPy -+ P PoMy

S350S,++-SpS

" TT ( PiP; *; ))[Mmapopi...p:m:] > (4
where each M-function on the right has a form as in Eq. (4.3), and
where dQn is given by Eq. (4.2). 1In (4.4) the only variables not
summed over are those with subscripts a and b. The spins and
helicities appearing in (4.4) are labeled i; Fig. 9 which shows the
n-body unitarity product with the multi-Regge amplitudes inserted.
Our notational plan is always to use primed variables for the upper
side of the ladder and unprimed for the lower side. The reader is
again cautioned about our multiple usage of the symbolg S5 (spin,

invariants), p (momentum, helicity), and m, (helicity, mass).
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The next step in the program is to actually insert the production
amplitudes of Eq. (4.3) into (4.4) and make some sense out of the
resultant expression. We wish to show that Regge poles in the upper
and lower amplitudes are converted into helicity poles in the central
kinematic level, and that it is these helicity poles which determine
the Reggeon loop which lies at the heart of all bootstrap and cylinder
calculations. Before we do this, however, we must make some comments

about the frames in the various kinematic levels.

(5) FRAMES

The study of the reference frames associated with the multi-
peripheral ladder is at best a tedious and unpleasant business.
We propose only to outline the development of these frames and to
provide a few interpretations where useful. The ends of the multi-
peripheral ladder, where the frames are slightly different, will be
completely ignored. Usually in multiperipheral analysis the end-rungs
(or at least one énd—rung) are amputated, the physics is done, and
then later the end-rungs are reattached (see Appendix F); Regge
physics does not require the end-rungs and this is our justification
for ignoring them.

In the description which follows we have for no particular
reason adopted the'notation of Ciafaloni, DeTar and Misheloff3 rather

than that of Mueller and Muzinich.2

1. The Vertex
The frame analysis begins with the simple vertex shown in
Fig. 10, where two spacelike momenta k1 and k2 meet a future timelike

momentum p, . Frame c¢ is a rest frame of P, in which the 3-momentum
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> ->
k, = k, points in the positive z direction. Obviously, frame c is

only defined up to a z-rotation, a fact we shall make use of later.
Frame b (d) is obtained from frame c¢ by a z-boost v, (0;1) which
brings k, (k,) to spacelike rest [k, = (0,0,0,\/:52 )]. Clearly,
frames b and d are linked by the z-boost q, = v,+0,. From momentum
conservation it is easy to compute these boosts in terms of the

invariants t,t, and s):

shv

1 (s;+t,-t,)/2vs; V-t >

shc2 = (s1 —tl-rtz) /2\/51 \/—t2 R (5.1)
chq1 = (sl—‘cl—tz)/Z\/-t1 \/—t2

The variable q, may be interpreted as sensing the ma552 s, flowing
up the cluster p,- By computing (k, - k,) in frame b, one finds that
qa, is positive because P, is future timelike.

The frames b,c,d defined above are the usual BCP frames20

associated with a production vertex.

2. The Rung

We now combine two vertices to make one multiperipheral rung,
shown in Fig. 11. The triad of frames (b,c,d) just discussed appears
on the lower vertex, and a new triad (b',c',d') appears on the upper
vertex. The primed boosts connecting the upper frames are given by
Eq. (5.1) with ti—>t£.

Frames c¢ and c' are both rest frames of P, and must therefore
be connected by some rotation g = RZ(¢1)RY(XI)RZ(¢;). We now use up
the z-rotation degree of freedom in defining each vertex frame triad

to set ¢1= ¢;==O so that the frames ¢ and c' are linked by a pure



-23.

y-rotation X,. This is the Misheloff rotation mentioned in Section
(4). In Appendix E we interpret this variable as a cross channel
(t > ©) Regge variable z = cos(X); an expression for cos(X) will be
given below.

The six frames shown in Fig. 11 are now interlocked, and all
3-momenta are confined to the x-z plane.

Next, four new frames a,a',e,e' are added as shown in Fig. 12.
For example, frame a is obtained from frame b by an x-boost h,.

This boost of course does nothing to momentum kgb) = (O,O,OA/—tl),

' (a)

1

but is chosen so that k is x-z like; i.e., the boost h1 clears

1 (b)

out the energy component of k1

Boost h; is chosen similarly so

]
that kfa ) is x-z like. These statements may be summarized as follows:

k) (0,0,0,%) k&)= 0,%,0,%

(5.2)
k;(a)

(0,%,0,%) k®Y - (0,0,0,

It should be clear from Eq. (5.2) and the lack of y-boosts in

the problem (so far) that frames a and a' are connected by a y-

rotation, which we label 6 ,,. From the fact that t = (k1-+k;)2

one quickly shows this rotation to be given in magnitude by

cosb ,, = (t, +t -t)/2V-t V-t . (5.3)

Then, from the loop equation on the left side of Fig. 12,

= oyt n'y -l
X, = v,(hy)) "6 hyv, o, (5.4)

one finds the magnitude of the Misheloff rotation
cosX, = (cosb;;: - shv;shvl)/ chv;chv1 . (5.5)
Reordering the same loop equation one may then compute the boosts

' .
hl and hl.
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1 3 ’ -
ch h, ch v, sinX, / smen, ,

(5.6)

ch h;

ch v,sinX, / sinf,,,

We have now described the frames a and a', and the new
transformations hl, h; and 611,. In exact analogy one defines the
frames e and e' and transformations f2, f; and 622,. Equations
similar to those above are then obtained by comparing Eq. (5.4) to

f-l -1

. . . PRI S
the right-side loop equation X, = (02) £, 6, , O, -

3. The Central Level Frames

To the set of ten frames so far defined with respect to this
one multiperipheral rung, two final frames f and g are now added,
as shown in Fig. 13. We shall refer to frames like a,b,d,e as being
lower level frames, those like a',b',d',e' as being upper level, and
f and g as being frames in the central level. These central level
frames are in fact brick wall systems (bws) or Breit frames. We

define a bws frame for the system (ki,k;) to be any frame in which

ki + ki 0, where k; represents the first three components of the

4-vector ki’ . We shall refer to such (t,x,y) objects as ver’sozﬂsz1
to distinguish them from the normal 3-vectors (x,y,z) like Ki‘
Since kj +ki = 0 in a bws frame, the overall momentum transfer
Q= ki+ki is at spacelike rest, Q = (0,0,0,4/-t ). In Appendix E
we perform a complex Lorentz transformation which converts bws frames
to cms frames in which Ki+fi =0 and Q = (vt ,0,0,0).

Now, frame f in Fig. 13 is that particular bws frame in which
versor k, points in the positive x direction, and versor k, is t-x

like. Similarly, frame g is defined to put versor k, in the positive

x direction and to make k, t-x like. These two frames f and g are
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thus linked by an x-boost v, whose magnitude we shall compute in a
moment.

In all bws frames for the system of momenta (ki,k;) the
z-components and versor magnitudes are the same, just as in all cms

frames the energy components and vector magnitudes are the same.

We find
2 t.2 X2 y.2
(lg) = (k)7 - K7 - (k)
' _ 2
= Altg,tlt) /4 = -k, (5.7)
ki = (t-t o +t])/2V/t = z , (5.8)
(k;)z = (t-ti+t)/2V/E = 2. (5.9)

Because our interest is limited to the interior runs of the t<0
multiperipheral chain where the kinematics requires A(t,ti,t;) <0,
we have defined —kg as above. When the symbol ki appears below as a
scalar, it refers to this versor magnitude (-k%);i and should not be
confused with the 4-vector ki’

We wish to stress the similarity of Eqs. (5.7) through (5.9)
to the normal cms kinematics. If ki and k; were future timelike
4-vectors with masses (ti)% and (ti)%, then in any cms frame where

Q= (+/t,0,0,0), t >0, one would have

(ki) = A(ti,ti,t) / 4t s (5.10)
E, = (t+t, - ti) /2T, (5.11)
E; = (t+t; -t)/2VE (5.12)

so that the versor magnitude ki is the analytic continuation of the

cross-channel cms momentum.
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Sometimes the variables zi and zi shown above are written in
this way:

%('t);i = wi ]

N
|

(5.13)
Z3 %(“t)% + wi s

where

ty - t!
w., = (-—————;1-> ) (5.14)
1 2/ -t

The variables ki and w. are useful replacements for the Regge ma552

variables ts and ti,

2 2 5
= Lt - - -
t, it (ki + wi) wi( t)
(5.15)
' 2 2 3
= Yt - -
ti %t (ki + wi) + wi( t)? .
In particular,
1 dt.dt;
dkidwi = = . (5.16)

'y 1%
['A (t ’ti ’ti)]

Applying the above definitions to frame f of Fig. 13 we have

kP = 0,k,,0,2)) k) = (g, shv,, k,chv,, 0, 2,)

1]

1
('szhvx’ -kzchvl, 0,22)
(5.17)

' () ' ' (£)
k! = (0,-k,,0,2]) x,

(a)

) then shows these frames to be linked by

Comparison of kff) to k

a very simple y-rotation 6,:

k& = 0,0,0,v7)) k(= 0,5,,0,2,)
| (5.18)
= sin®, = k,/v-t, cosb, = z,/v-t,
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Thus, the new frames f and g are interlocked with the previous

ten frames to give a total of twelve frames associated with this

single rung of the multiperipheral ladder. Computing pi = (k2 - kl)2
in -frame f we find that the boost v, is given by
2 2 2
chv, = (k; + k, + p)) /2k1k2 s (5.19)
where
2
pi = s+ (W, - W) (5.20)

and all symbols on the right of Eq. (5.19) refer to versor magnitudes.
With t and all ti fixed, V, measures the mass2 s, of the particle
or cluster p,; in this sense the variable v, is similar to the BCP
variables qQ, and q; appearing in Fig. 11.

The complete set of twelve frames associated with the rung P,

is shown in Fig. 14.

4. Many Rungs

We are now ready to juxtapose two rungs of the multiperipheral
ladder, as shown in Fig. 15. 1In this figure one sees that the twelve-
frame systems associated with each rung are linked by a very important
y-boost called ,. This variable measures the separation of the two
rungs in a quantity which would be called the gap rapidity in a one-
dimensional model. Notice that the same variable 52 appears in the

upper, lower, and central levels. The frames on the central level are

linked to the upper and lower levels by y-rotations like 61 of Fig. 13.

These rotations are given by the formulas one would guess looking at

Eq. (5.18) above, e.g.,

sin@é = k, /\/-t; R cosGé = z; /\/-t2 . (5.21)
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The only transformations not shown in Fig. 15 are the y-rotations
like 611, appearing in Fig. 14. Obviously 911, = 61 + 6;
We now make some remarks concerning the frames of Fig. 15.
First of all, most of the frames on the lower level are the usual BCP
frames referred to earlier. Since the tranformation labeled g, connects

two frames in which k2 is at spacelike rest, g, must be an 0(2,1)

transformation. In BCP this g, is written as
g, = R,()B(EIR (V)

This form, known as the discrete-basis parametrization, goes all the
way back to Bargmann, but we have put a twiddle over the x-boost
parameter in order not to confuse that variable with our y-boost
variable Ez. The azimuthal rotations u, and v, are conjugate to the
Reggeon helicities in the sense discussed back in Section (2), and are

connected with the so-called Toller angles wi = U. + V. Variable

i i+l”
~

52 is the Regge variable, i.e., z ~= cosh(Ez), and is conjugate to

the angular momentum associated with the link k,, which is to say,

2’
a, (see Fig. 8).
Although the same BCP 0(2,1) transformation g, appears in Fig. 15,

it is parametrized differently, namely,
g, = B.(f,) By(iz) B (h)

the so-called continuous-basis6 parametrization of 0(2,1). As already
noted, the same variable EZ appears also in g;, the 0(2,1) transforma-
tion appropriate to the upper production amplitude of Fig. 15.

Prior to leaving this section on frames, we wish to add one
more observation concerning the frames connected with the single rung

shown in Figs. 13 and 14. If one were to imagine the multiperipheral
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ladder on the right as generating a Reggeon in the central level, one
might draw the figure shown in Fig. 16, where we have redrawn the
frames a,a' and f, and their connecting y-rotations. We just want
to remark that these three frames are the usual standard frames one
associates with the triple Regge vertex18 in the configuration A<O,
and the thetas are the standard y-rotations. A similar remark applies
to the frame triad, g,e,e'.

We are now ready to convert the Regge poles of the upper and

lower amplitudes into helicity poles in the central level.

(6) THE HELICITY POLE EXPANSION

Consider once again Fig. 15. 1In order to motivate the next
technical maneuver, we anticipate a diagonalization procedure which
will be explained in Section (9). The frames on the central level of
Fig. 15 are linked by alternating x-boosts vy and y-boosts Ei. It will
turn out that these frames and variables are the relevant ones for the
diagonalized (or even undiagonalized) consideration of the multi-
peripheral ladder, the reason being that these are the bws frames
in which the overall 4-momentum Q is at spacelike rest. We will
show that certain groupings of the v and £ variables form convenient

0(2,1) transformations. For example, the combination
B, (E,)B, (v,)B, (£,

is an 0(2,1) transformation in the continuous-basis mentioned earlier
which in a certain sense surrounds the cluster P, in the central level
of Fig. 15. In the diagonalization process it will be shown that the

variable v, is conjugate to angular momentum j in the central level,
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while the boosts Ez and Ea are conjugate to complex helicity variables
A, and A . Helicity poles in the complex helicity plane A will
correspond to powers of e'Sl since these variables are Fourier
conjugates. It is for this reason that we shall now expand the upper
and lower Regge propagator functions E°a-1(g) and E—a'-l(g') into
powers of elgl. These functions appear in Fig. 17, which represents

a portion of the multiperipheral chain, i.e., a portion of the unitarity
product of Eq. (4.4) with the model amplitudes of (4.3).

|E]a

We shall refer to the form e as a helicity-pole term in the
same way one speaks of 2% as a Regge pole term, with the understanding
that the actual pole occurs in the plane of the conjugate variable,

be it helicity or angular momentum. Also, the square-bracketed
expressions in Fig. 17 will be called Reggeon propagators.

In Appendix C we give a derivation of the following (convergent)

helicity-pole expansion of the lower propagator E-function:

-az—l _m,-T, ©0
E, ., (&) = GD KZ=+ nz;O 0(k,E,)
2 = "2
(6.1)
a, g, l(@,-n,) o,
8 Fnstzmz(fz) © nz’Ker(-hZ)

Recall that g, = (fz,gz,hz), and that f2 and h2 are x-boost parameters
fixed by the t, [see Eq. (5.6)]. The quantity [az-nz] is the heliecity
of the Reggeon whose spin is Qa,. When a, takes some general non-

integral value, the Reggeon helicity takes the values a,, o -1,

2
a2—2,.... in an infinite sequence. Were a, to approach a physical
value s, (which does not happen in the multiperipheral region of course),

we would expect this sequence to truncate at helicity equal to -S,-

This truncation is affected by the interaction of the functions F
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appearing in Eq. (6.1) with the helicity nonsense-zeros present in

the standard Toller vertices discussed in Section (3), the V of

Fig. 17. These functions F are given in Eq. (C.5). The new index

K, appearing in Eq. (6.1) will be connected with parity in Section (7).
Basically, k, = sign(gz).

The important point to be made about Eq. (6.1) is that each
helicity term factorizes. It is not obvious that an expression like
(6.1) had to exist. A similar situation is encountered in a much more
complicated mathematical environment with the Regge pole expansion of
a single Toller/Lorentz pole. Regge poles there are the factorizing
daughters of a Toller pole, and helicity poles here are the factorizing
daughters of a Regge pole.

The fact that each helicity pole factorizes is the fact which
allows us to momentarily define a helicity pole propagator. This
concept will greatly reduce the bulge of complexity with which we
are now confronted. Had the helicity poles not factorized, we would
be in real trouble.

When all the Reggeon propagators [ ... ] in the unitarity
product of Fig. 17 are helicity-pole expanded according to Eq. (6.1),
certain factors may be grouped to the vertices, leaving a very simple
helicity pole propagator. The new rung with these regrouped factors
is shown in Fig. 18, and the helicity pole propagator is shown in

Fig. 19 and has the form

P l£. | [(a,-n,) + (a!-n})]
pz(gz) = Y2Y; 52E; e(Kzgz) © i ? e L
(6.2)

£, ] is raised in Eq. (6.2) is the sum of the

The power to which e
helicities of the Reggeons in the (2,2') channel. Notice that each

of the helicities is in general a complex number, whereas the Reggeon
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helicities discussed in Section (2) were always integers or half-
integers. The reason is that here the Reggeon helicities are eigen-
values of the (non-Hermitian) y-boost generator K, which is generating
the boosts BY(E). In Appendix E it is shown that, when the structure
of Fig. 15 is continued to the t >0 cms via a complex Lorentz
transformation, the generator K, is turned into a normal rotation
generator and the helicities become the normal (discrete valued)
helicities mentioned in Section (2). The variable 52 becomes a
rotation (¢2 = igz) which again measures the sum of the helicities
in the (2,2') channel, namely, m2-+m;.

The other important point to be made about the helicity-pole
propagator is that it still contains the physical (planar) poles in
the signature factor denominators, e.g.,

-iw(az-ez) \
e T,
€, = . (2.7)
ZSinn(az- ez)

These poles generate the normal thresholds in the cross channel when
t 1is continued to t> 0.

Turning now to the rung or kernel of Fig. 18, the helicity

'

, can be performed since they are

. ' t
summations T,,T, PP, and m, ,m
now detached from the rest of the chain by helicity-independent
(in this sense) helicity-pole propagators. We might first sum over
the upper and lower (discrete) helicities to go from Fig. 18 to

Fig. 20a, renormalizing for the first time our standard vertices V.

The new vertex V is given by

~ ‘rl al
vpl((xl ’nl; az ’nz; KIsKZ; 51) E (1) Fn K.T (_hl)

alslaz (7}
F

rlplmz n2,|<2m2

m2 ~
(£,) @) =V, .  (6.3)
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(Group-theoretically, this corresponds to a conversion from the
discrete to the continuous helicity basis.)
Finally, we sum over the Misheloff rotation helicities pl,p;

to go from Fig. 20a to Fig. 20b, which shows the final kernel

(
R B P ca' n' o+ .
K(a1’n1’t1’ a,,n,,t5 0,n,,t,5 a,,n,,t, 5 K ,K,5 s, t)

S
- }i: g d51 v -
= [V‘p;] p;pl(Xl) [ p1] = Klz . (6-4)
pl’p:'l = _Sl

This kernel is a function of the four Reggeon spins 0., helicities
o.-n,, and masses t.. Due to the kappa indices appearing in Eq. (6.1),
the kernel is also a function of the kappa label on each side. This
particular kernel is a single particle kernel and thus depends on the

spin s, of that single particle. We could just as well have defined

1
P, (the produced object) to be a cluster, in which case, as noted
earlier, Eq. (6.4) should be summed over S, -

Before concluding this section we wish to make a few additional
remarks about the critical helicity-pole expansion formula (6.1).
This formula, or something close to it, has been derived by other

s

workers as only an asymptotic expansion. We wish to emphasize
that (6.1) as derived in Appendix C is an exact and very convergent
“equality based on an elementary addition theorem of the second-kind
Legendre functions. In other approaches, the step in the argument
represented by (6.1) has been to some extent obscured by complicated
group theoretic arguments. For example, (6.1) can be interpreted in
terms of 0(2,1) mixed-basis matrix elements in the continuous series,

in which case the discrete index Kk has a certain mathematical meaning.

Alternatively, Eq. (6.1) can be related to the 0(2,1) analytically
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continued Clebsch-Gordon coefficients which couple angular momenta
between the upper, lower, and central kinematic levels in Fig. 15.
These approaches are no doubt correct, but introduce so much complica-
tion that one cannot tell for sure whether or not a formula is correct
without expending much effort. Our approach has been to consolidate
this group theory into a few easily verifiable addition theorems9

which are then used to derive various results.

(7) NATURALITY CONDITION FOR THE KERNEL

In Section (3) it was shown that, after accounting for the

correct Toller M-function notation for the vertex

aiSj O.k

i58:) (7.1)

= M (ak: a; 3

mimj mk mkrplmj

the statement of parity invariance for the vertex in Fig. 18 is

05,0, 2r, *® S,-P; ¥ 2m,
Vrlplmz = [o,(-) ] (MDD ] [o,(-1) 7]
o, S, O (7.2)
<V 1 71 %2 ,
“TyPy M,

where o is the Reggeon naturality of Eq. (3.9) and ]'[1 the intrinsic
parity of the produced particle.
Insertion of the parity condition (7.2) into the definition

{6.3) of the renormalized vertex V then yields

~ —_— — Sl_pl ~
Vpl(Kl,Kz) = 0,0, Hl(—l) V_pl(-Kl,-Kz) . (7.3)

When this result is in turn substituted into the definition (6.4)

of the kernel K, one finds

I -r S |
K(KI,KZ) = 0,0, 0,0, K(-K,,-K;) (7.4)
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which is the desired naturality condition for the kernel.*

We may now interpret Eq. (7.4) as saying: a parity transformation
on the kernel is equivalent to multiplication by the product of the
naturalities of the four attached Reggeons. To see why a parity
transformation negates K, and K, we refer to Fig. 21 which shows a
segment of the multiperipheral chain with its central level boost E.
The figure also shows the same chain segment in a parity-inverted
world where the two frames are connected by some boost £'. These
inverted-world frames are connected to their non-inverted-world
counterparts by Toller's parity transformation s' defined in Eq. (3.4).
Since

7B ®s = B-D (7.5)

one concludes that &' = -§. This is what is meant by saying that

parity negates all the E-boosts in the chain, and therefore the

k; = sign(g,).
Equation (7.5) is one entry in the following table which shows
how the parity operators s and s' affect the signs of rotation and

boost parameters:

s * * * - - - (7.6)

Notice that of all the variables listed in Fig. 15 and relating to the

multiperipheral chain, only the y-boosts §i are negated by parity s'.

*This condition is derived in Ref. 5, Eq. (2.8), for the production
of spinless particles only; see also Eqs. (2.7) and (2.10) of that
paper for a Toller angle discussion, and Eq. (2.16) which relates
to our comments at the end of Section (6).
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If there were z-rotations somewhere, these would also be negated by
s', as the table shows, and this fact has a bearing on the Toller
angle which we mention here as a digression.

In the usual BCP analysis of the production amplitude shown,
e.g., in Fig. 8, one uses for the 0(2,1) transformations g the
discrete basis parameters Rz(u)Bx(E3Rz(v), which we mentioned at
the end of Section (5), and in terms of which the lower Reggeon

propagator function may be written

ECNg = ™ % end) oV (7.7)
If the asymptotic limit of this E function is taken [see Egqs. (A.15)
and (A.16)] to get (chzaa times helicity-factorizing factors, and if
these factors and the azimuthal exponentials are absorbed into

renormalized vertices B and the helicity sums done, one obtains for

the production amplitudes the form

~ 0, ~ O,
.. Bpl(\)l,uz) (chg,) 8p2(\)2,u3) (chg) * ... , (7.8)

where the p; are the helicities of the produced particles. Then from
Eq. (7.2), the parity condition for these renormalized vertices B

may be shown to be similar to Eq. (7.3),

—_ - 5:-P1 ‘
Bpl(vl,uz) = 0,0, IH(—l) B_pl(-vl,—uz) . (7.9)

In the case of spinless produced particles, the vertex B is a function

only of the Toller angle w, = vV, +H, and Eq. (7.9) becomes

B(wl) = 0,0, H1 B(—wl) . (7.10)
Finally, slightly renormalizing the vertices once again, we end up

with the asymptotic or phenomenological multi-Regge amplitude for the

production of spinless particles along the chain
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~ Gy~ O,
e Bl (sy) B (s) ° ... (7.11)

Multiplying two such amplitudes together to get the unitarity product,

one would identify the kernel as
Kw ,w) = [Bw)] [Bw)I® (7.12)

and this kernel would then have a naturality condition

et 1 = - 7 '
K(wl’wl) = 0,0, 0,0, K(“*’x"“’l) . (7.13)

This condition is, however, just a special case of Eq. (7.4) which

was derived without any approximations. Therefore, a parity transfor-
mation can be regarded either as negating the gi variables in the
exact kinematic scheme, or as negating the Toller angles in the

asymptotic production of spinless particles.

(8) THE MULTIPERIPHERAL CHAIN AND PHASE SPACE

In Section (6) the helicity-pole propagator Pi and kernel Kij
were defined. Figure 22 shows how these quantities alternate to

compose the multiperipheral chain
K12(V1)P2(52)K23(v2)Pa(ga)Kau(vu) ces . (8.1)

The figure also shows the central level frames with their connecting
boosts. The V variables measure the 'rapidity width'" of the kernels
(clusters or single particles), whereas the & boosts measure the
rapidity width of the helicity-pole propagators. Since these
alternating boosts are not collinear (vi= Bx and €i= By), the notion
of additive rapidities arises only in the extreme relativistic limit

where
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chv = chv, chv, + sh\)l sh\)2 chg2 (8.2)

becomes

vV o= v o+ £2 + Vv, . (8.3)

The sums which are implicit in the chain (8.1) will be discussed
in a moment.

First, something must be said about the phase space. Each
particle or cluster (here K will be regarded as a cluster) gets a
momentum phase-space factor d"pi, where P; is the momentum flowing

up the cluster K. .
1’

. 4 . y )
i+1° Replacing d P with d ki’ where ki is the

4-momentum of the lower Reggeon of the system (i,i'), and simply
evaluating this 4-momentum in one of the central level frames a few
removed from the frames nearest P;, One may express d“ki in terms of
the group variables appearing in Fig. 22. Recalling the meaning of

the central level frames, we have, e.g.,

(d _

k3 - (0>k3’0’23) s
() _

k3 = (ksshvz,kachvz,o,za) ,

k®) _  (k_shv.cht,, k.chv,, k.shv,shE,, z.) (8.4)
3 3 2 2? 3 22 3 2 2? 37 *

where k, (the versor magnitude) and z, were defined in Eqs. (5.7) and

(5.13). From the last line of Eq. (8.4) we find that

y 3 2
d k3 = [d l:}]dz3 = [kadksdE2 d(chvz)]dz3

2k dk %, . d(ch 8.5
m 3d 3dw3 ?a;- (c vz) , (8.5)

where z, has been replaced by the w, of Eq. (5.14). The portion
dk,dw, of the phase space is the so-called transverse integration

. 2 .
because it can be expressed in terms of d p§ where p§ is the
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transverse momentum of the cluster 3 whose parallel momentum component

P, is related to the standard rapidity variable. In terms of the

invariants t, and t; one can show, as in Eq. (5.16), that

dt _dt!
didw, = 2 2 : (8.6)

VBt t,,t 0

The second factor in the last line of Eq. (8.5) shows the 0(2,1)
equivalent of the dQ = d¢ d(cos6) one finds in cms kinematics, e.g.,
elastic unitarity. The fact that dE,2 d(chvz)/Zﬂ = ng is a piece
of the 0(2,1) invariant measure (in continuous-basis parameters) is
what allows the exact diagonalization of the multiperipheral chain
onto central level angular momentum, as is done in the next section.

The reader familiar with the Chew-Goldberger-Low approximation22
to the multiperipheral phase space will recognize the expression in

Eq. (8.6) as a portion of the asymptotic form of the quasi-cms phase

space of two clusters,

dslds2 dtzdté

1

S 2 VAT, ,t])

, (8.7)

Y y Y ~
dpdp, 6 (P-p,-p,) =

1 1 . .
where (51)2 and (52)2 are the masses flowing up the two adjacent
clusters. In order to compare Eq. (8.5) with (8.7) we write,

shifting to the left one rung,

) g, d(chvl)d(chvz)e(v‘-vl-vz)
d = . d(Ch\’ ) = > (8'8)
! 2m ! 1T[k(ch\>,ch\)1,ch\)z)];i

where k(x,y,z) = x2-+y2-+22 - 2xyz - 1. If it were true that'\)>>\)1,\)2

throughout the entire phase space, one could approximate

k(chv, chv , chv)) =~ (chv)?
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Then from formulas like Eq. (5.19),

2
51+kf+k§+(w1-w2)
Ch\)l = s
2k1k2
one finds that
dgl - dslczis2 ’
2ﬂk2$
and then
|
e m dk,dw,ds,ds, [1 dt,dt; ] ds ds,
2 S - -2- / 1 S ’
-A(t:t29t2)

~which is the CGL approximation (8.7). Since the approximation

is not particularly valid except in special cases like

s >> s,,s,

double diffractive dissociation, one would expect a more accurate
result to be obtained in any related calculation (like the cylinder)
by using the exact phase space. Naturally, an exact angular momentum
diagonalization only works if this correct group phase space is
retained.

We now consider the sums implicit in (8.1) and Fig. 22. For
each segment or propagator of the multiperipheral chain there is a

sum of the form (e.g., for segment 2,2')

/ag@ ,

where

JeZ T T

+ z,a n, n =

and
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(-] «©
2m 2
fdcbz = -f-f dwzfdkz-k2 , (8.10)
L 0

-

with f being the normalization factor of Section (4). For each
fixed value of t, and t; [see Eq. (5.15)] and the discrete index K,

and for each pair of Reggeons az,a;, we sum over all of the helicity

poles labeled by n,,n,,

these being the helicity daughters of the
Reggeons. Next, we sum over all possible upper and lower Reggeon
combinations. Finally, we sum over K, and do the transverse

integration. The group integrations dgi will be removed in the

next section.

(9) THE DIAGONALIZATION OF ANGULAR MOMENTUM

To avoid confusing the mathematics with the physics, we briefly
discuss our diagonalization procedure; a fuller explanation may be
found elsewhere.9

Consider the following mathematical relation among four functions

A, B, C, and D, each a function of three variables:

© dEl © oo dEz -3
A(E,V,E") =f3n—fd(chv1)f ?“—fd(chvz)sca,,v,m) C(E,,v,,0)
-00 1 - 1

x D(E;,vy,Ey) - (9.1)

Schematically, this equation is represented in Fig. 23. If the
variables are in the range -« < gi <o and 0< vy < ®, we may
interpret the functions A, B, C, D as being defined on a certain
sector of the group SU(1,1) ~ 0(2,1), and we write the same equation

in group theoretic notation as follows:

e = fa, [, fag, oG - g,4,8)) B CB D) L (9-2)
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where g = (£,v,8"), gl = (gl,vl,O), etc. The variables g, =
(gs,va,g;) in Eq. (9.1) are functions of the other variables according
to the SU(1,1) group multiplication g, = gzlg;;g. In Eq. (9.2) this
fact is made more explicit by use of an invariant delta function.
Equation (9.1) or'(9.2) can be diagonalized exactly by project-
ing the functions onto the continuous-basis representation functions
of SU(1.1). These functions are the second-kind generalized Legendre
functions Qﬂv(z) discussed briefly in Appendix A and at great length

in Refs. 9 and 23. The diagonalization of (9.1) is given by

] I B B Do (9-3)

where
j _ j
i J
By f df, B,(8,) BE) (9.5)

and the projection of C is like that of B; D like that of A.

The invariant measures are

dg = L acen) &

> (9.6)
dEl _
dgl = 2 d(Ch\)l) ’ (9.7)
and the function @(g) is defined as
j _-HE -u'g’
Quu,(g) = e Quu,(chv) e R (9.8)

with @(z) given in Eq. (A.2).
In the diagonalized equation (9.3), each group integration has

been replaced by a helicity contour integration running up the
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imaginary helicity axis. The source of this contour is the second-
kind addition theorem which, for convenience, we compare to the

first-kind addition theorem:

P,Jnm‘(glgz) = Z PJ (g,) nm,(gz) ; (9.9)
n=-®
Qfm'(g:gz) = %)‘7 le(g) Q}\u.(g2 . (9.10)

The familiar helicity sum of the first-kind theorem (P functions
are essentially the rotation D functions) appears as a helicity
integration in the second-kind formula. In Ref. 9, Eq. (9.10) is
derived from (9.9) and interpreted group-theoretically.

When all the functions appearing in Eq. (9.1) are independent

of the Ei variables, the diagonalized equation simplifies somewhat,

, (9.11)
where
£ = %f d(chv) Q(chv) FOV) (9.12)
1

More generally this is not the case and the helicity contours
appearing in Eq. (9.3) are shifted sideways to pick up helicity pole
contributions of the integrand. The A are the complex helicity
variables to which we referred earlier.

In the particular mathematical example considered above, we
diagonalized a chain of three functions B, C, D. Hopefully it is
clear that a chain of any length may be similarly diagonalized.

Each projected fuhction contains the diagonal angular momentum
projection label j along with two helicity labels which are system-

atically tied to neighboring helicities by the ''summations" .idl.
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We are, by the way, referring to j as angular momentum because,
in the Regge language, Eq. (9.4) is a true Foissart-Gribov projection
so that j 1is the analytic continuation of the true angular momentum.
In Eq. (F.5) we show how to recover a function X(g) from its

projections K%u,, i.e., we give the inversion of formula (9.4).

(10) THE PLANAR BOOTSTRAP

1. Form of the Integral Equation

The basic multiperipheral chain was illustrated in Fig. 22, and
we shall now be more specific. The contribution from three particles

or clusters to the 4-Reggeon ring discontinuity is given by*
CIRLEvEY = 3 [ g, [ag, PLEDK,EIP,ENK,M,)
14%=° 72 =~ 1 2 1717712077 28270723 2
|
X Po(E)Ky, (V)P (E)) (10.1)

where the notations P, K, d¢ and £ were defined in Eqs. (6.2), (6.4),
(9.7), and (8.9). Since (10.1) is of the form (9.1), the diagon-

alization may be read from (9.3) to be

1]

(3T (1,4

dx [ axr j J
- Z L) S Pu(l)Kux(l’Z)PA(z)KM'(2’3)

imw im
2,3

j
pAI(S)K |u|(3’4)P (4) ’ (10.2)

ul

where

*We have tried very hard to keep track of the normalization of ampli-
tudes, but, alas, have lost the battle. Strictly speaking, if A is
a discontinuity, equations like (10.1) should contain the overall
factor — cfr shown in Eq. (4.4) 2n/f for each d¢, and an extra 1/f
because 6(4)(ext) removes one d k;j. However, as we mention in
Section 10.8, and show in Fig. 29, A is not Toller-normalized,
so we omit these overall factors. There is always a question of
how many 7's and 2's appear in the phase space d¢ of the planar
bootstrap or Eq. (11.24), and we have therefore lost track of these
factors.
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xglu,z) - lld(ch\)) Qljn(chv) K, (10.3)
_ [ dE -ME
Pu(l) = [ﬁ e PI(E) . (10.4)
Therefore, defining (3)Kgu, by
(3)37 - (3) 7

Eq. (10.2) may be re-expressed as

VRIS %j% K, (1,207, (K], (2,307, (K], , (3,4)

(10.6)
which is schematized in Fig. 24.
In the usual way one may write an integral equation for the
complete 4-Reggeon ring discontinuity which will be solved by a sum

of terms of the form (10.1). This integral equation reads

~ _ ~ '

Rz (EV,E) = P (E)K (VP (E") + g/ ag P (E)K,(v)R 4 (E,,v,,E})
(10.7)

which may once again be diagonalized by inspection to give, together

with the definition (10.5),

j = 1 dA j j

which is represented by Fig. 25. The problem of obtaining the
4-particle discontinuity from the 4-Reggeon solution of (10.8) is
illustrated in Fig. 26 and discussed in Appendix F.

Near a Regge pole, the projected ring discontinuity A factorizes

(see Fig. 27):
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; j~o r Sp(se) G, (35a)
A 1,3 = - . 10.
e (13 I'(e) j-a e

Taking the residue of the pole on both sides of (10.8) then yields

the vertex bootstrap

O q. _ dA o VI
Gu(l,a) = };jl—ﬂ Ku)‘(l,Z)PA(Z)G)\(Z,a) , (10.10)

as shown in Fig. 28. The normalization of the triple-Regge couplings

G is described in Section 10.5 below.

2. The Projected Helicity-Pole Propagator PA__

The helicity-pole propagator was defined in Eq. (6.2) to be

P;(E) = 2m H(1)8(Ek;) explhy|E]], (10.11)

where
HOD) = M7 oY) - 6E)) (10.12)
hy = (a,-n) + (Ei-ni) . (10.13)

According to (10.4), the projected propagator takes the form
Px(l) = H(;)/ (Kil - hi) s (10.14)

where we now see the actual helicity pole at A = Kihi'
In the ordered S-matrix, Regge trajectories must occur in
strongly exchange degenerate pairs. When the upper and lower signature

factors are summed over signature taking into account the exchange

degeneracy, one finds for the regular (untwisted) propagator P,

exp{-inl (e - &) - @ - €1}

- . —1 ]
1 n . - €. inm(a. - €.
T si w(a1 1) s w(al 1)

(10.15)

|
[
|
l
(2}
-
Al
il
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. X . . . .
For the twisted propagator "P used later in the cylinder discussion,

=1 1,1 1
E.E. > (t.£.)(T.E.) = — .(10.16)
171 TZT' 171712 sinm(a, - €;) simr(ai - le‘)

3. The Projected Kernel and Its Threshold Behavior

In the kernel, shown schematically in Fig. 18, there are seven
quantities each of which depends on the kernel mass s, and therefore
on the variable v, of Eq. (5.19), so that computation of the projected

kernel (10.3),
Kil(l,Z) =.{ d(chv) Qik(chv) K0 (10.3)

in terms of the standardized vertex V is an unpleasant numerical task
which we shall not attempt. This task is, however, a necessary

aspect of the functional bootstrap to be mentioned below.
j
uA’

potentially useful information buried in formula (10.3). One such

Lacking an analytic expression for K we search for any

piece of information is the threshold behavior which we now extract.
Since Kix(l,Z) is a Froissart-Gribov projection, we are reminded

that it should be possible to find its threshold behavior in the usual

way. First, however, one must identify the threshold behavior of the

unprojeéted kernel.

In expanded notation one has

t \J
Kip) = K, (t Lt st .t 5 v) = Kotk ,ws kw5 ),

where ki is the versor magnitude (continued cms momenta) of the

channel (i,i'),
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1y7% 5
[-A(t’ti’ti)] / 2('t) ’

x‘
L]

and

(t;-t5)/ 2(-1) %

i
We shall define 'threshold behavior in the (i,i') channel" to be any
approach to the kinematic boundary A(t,ti,t;) = 0 as shown, e.g., in
Fig. 40, so that at the (1,1') threshold k, ~0. (Variables t, ti’
t; here are negative.)

To determine, then, the behavior of K12 as k, or k2 vanishes,

we examine the functional and kinematic structures of K as shown in

Figs. 18 and 14. As demonstrated in Appendix D, as k, »~0, one has
ch(h,) » const X (kl)"1 ch(f,) - const ,

but when k2->0 the situation is reversed

ch(h,) =+ const ch(fz) -+ const X (kz)'l.

In Eq. (C.5) the function F(-hl), which appears as part of the kernel
in Fig. 18, is given roughly as
0, -0, -1

nl,Klrl(_hl) = (1a1-n1,Klr (-ish h,)

Since -i sh(h;) + © as k, >0, one finds from the large z

behavior z% of q}i;l(z) that

o, -0,

Similarly,

o o

k, > 0= F (+£) ~ (k) °

Collecting similar factors from the upper vertex V of Fig. 18, one

may conclude that
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-(a, +a,) -(o, +a,) '

Klz(v) = (k) (k,) Klz(v) s (10.17)
where K' is a reduced amplitude, real on the uncut portion of the
real t axis.

The threshold behavior of the projected kernel Kik may now be

found from the Froissart-Gribov projection (10.3). Equation (5.19)

which expresses ch(vl) in terms of S, shows that

chv, - sl/Zka2

as either k, or k, - 0. Therefore, using once again the large z
behavior of Qﬂv(z) ~ 2791 ang remembering that the integration in
Eq. (10.3) actually begins above z=1 at the lowest production
threshold of the kernel, we pick up the usual extra factor (klkz)j,
so that the complete threshold behavior of the projected kernel is

given by

j-(a,+0) j-(a,+o;

: j
j - '
k(1,2 = (k) (k,) (k) ,1,2) . (10.18)

When this kernel is continued to the physical cross channel
t >0 and the four Reggeons taken to their physical points, we

regain the usual threshold behavior given, e.g., by Jackson and

Hite,24

L, (min) L, (min)

(k,) (k,) ,

1

. v %
where Li(mln) = J-Si(max) and Si(max) = S;*s;.

*In deriving this threshold condition we have ignored parity which
causes the distinction between threshold and pseudothreshold and
which may raise some L(min) by one unit.
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Since the above analysis used only the kinematic structure
of Fig. 18, one may conclude that this threshold behavior is equally
applicable to the single-particle or clusterized kernels as well as

to the full amplitude.

4. The Naturality Diagonalization

In Section (7) it was shown that in a parity-conserving theory

the kernel Klz(v) has the parity condition
K(k,,k,) = 0,0, 0,0, K(-k,,-K,) , (10.19)

where the o, are the naturalities — as defined in Eq. (3.9) — of the
Reggeons attached to the kernel. The property (10.19) passes immed-
iately to the projected kernel Kik via (10.3).

At this juncture it is convenient to convert all Froissart
projections like ng of (10.3) to lower-case projections kax

defined by
j = j
kuk(l’z) ..'/ d(chv) quA(Chv) Klz(v) s (10.20)
1

where q is simply related to f) as in Eq. (A.13). The reason for

this change is that q has a simpler helicity-negation symmetry

than Q, a symmetry which of course is carried over into kﬂk’
K.(1,2) = ¥ (1,2) . (10.21)
HA “Us>-A

Combining (10.19) through (10.21) we find

Ky (Ky.k,) = 0,0] 0,0, k{u’_x(-Kl,—Kz) : (10.22)

One may now study the effect of this symmetry on the ring
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(2)

discontinuity components. Converting the A equation to lower-

case projections as in Eq. (10.20), one finds

(2 fm,(l 3 = 2}’ HJ kj)\(l 2) P, (2) kJ (2,3), (10.23)
where the K, sum has been removed from 22 and explicitly displayed,
and where

Hi = T(+1+A) T(G+1-2) . (10.24)

From the symmetry of (10.22), and the obvious fact [see Eq.

(10.14)] that

Pak,) = P,(-k) (10.25)

one may easily show from (10.23) — using the symmetry of the A

contour — that the symmetry of (10.22) propagates into (Z)a
(2) i - ' v (2) ]
uu (KI,K ) = 0,0, 0,0, a_u’_u|(~K1,-K3) , (10.26)

and similarly into all (n)a and the full a. The persistence of
this symmetry means that all our projected equations can be diagon-
alized in the 2x2 space of the kappa indices; this is the naturality
diagonalization discussed by Ciafaloni and Yesian.5
We now perform this diagonalization on the following proto-
type equation
,(KI,K ) Z} HJ bJA(Kl,KZ) p(k,A) ¢ u'(Kz,Ka)
(10.27)
where p is any function, and a,b,c are any functions having the

symmetry of Eq. (10.26). Define

- )
a oz a (K, ,K,) (10.28)
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and similarly for b and c, and notice that

1] 1
a = 0,0, 0,0, a . (10.29)
K, - 191 Y33
Kys-Kg K1K3

Taking W = KU, X > K,A, u' =+ k,u' in Eq. (10.27) yields

dA j
a = — Hf b p(A) ¢ (10.30)
KyK, gg im A K K, K, K,
since Hil = Hi. In terms of the projections of definite naturality*
[e) - 1 [ [} ]
a = a,, + 00,0, a__ , (10.31)

V2

Eq. (10.30) takes the diagonal form

o] dAi j , O o
a> = = Hg\b p(A) ¢ . (10.32)

Thus, the naturality diagonalization of (10.27) is given by

30 _ dA HJ bJO p(A) o

ado = | I Hb, P Au' (10.33)
where

o 1

gm, = = uu,(+ +) + o00,0] a’ G 91 . (10.34)

In terms of upper-case projections like (10.3), Eq. (10.27)

becomes

]

Afm,(nl,»cz) }—ﬁ BfD\(Kl, 2) P(K,A) c pr (655K4) (10.35)

*For a discussion of why o is identified with naturality, the
reader is referred to page 438, equation (9.59) of the textbook
of Martin and Spearman, Ref. 32.
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and its naturality diagonalization is given by
jo  _ [ dA Jo
Auu, = T B p(A) C (10.36)

with projections of the form

jo _ 1 [ P TGAIW L
A = — (%) +00,0) FETT Ty Ay o]
uu' Nes uu 1r(G+1-w)
(10.37)
Now, since (10.8) is of the form (10.35), the naturality-

diagonal bootstrap equation can be read from (10.33),

jo _ Jjo dx .j o
auu,(l,S) kw,(l,S) + E fdcpzj i Bk A(l 2)

0,05
n,n;
H(2)
. The Au,(2 3, (10.38)
where
H(2) = (2m)") Y,Y, x Eq. (10.15)
H-}\ = T(G+1+A) TG+1-2) (10.39)
fd¢, = Eq. (8.10)
and
. 1 j ; v X
uu (1 2) = _—‘2—_ [auuy (1,+) 2,"') + 00101 a_u,+u'(1’-’ 29"')]9

(10.40)
where * refers to the k values, and similarly for kiﬁ,
Left-shifting the helicity contour as suggested in Eq. (12.12)

yields this final form for the planar bootstrap equation:

(1 3 = kJ" (1,3) + 2 E /d¢ H(2) HJ k3° (1,2) a{;"u,(z,s),
2

0,05

n,n, (10.41)
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where l? is a projection onto a of (A.20). All that remains is the
transverse integration d¢, and the sum over all upper and lower loop
Reggeons and their associated helicity pole daughters. With u==h1

and u' =h,, Eq. (10.41) is a matrix (lattice) equation in the space

3’
of the helicity indices.

In passing, we note that the apparent Regge cuts in (10.41)
due to poles of H% should be cancelled by the nonsense zeros of

2
the product k a.

5. The Bootstrap Problem

Equation (10.41) states the integral equation which s the
planar bootstrap for the four-Reggeon ring discontinuity. Assuming
the existence of a family of Regge trajectories {ai}, and given a
knowledge of the standard vertex Vijk’ one can in principle compute
the single-particle kernel K and its projection Kik' Since the
propagator is trivially known as in Eq. (10.14), one can then
search for solutions A of the integral equation. The existence of
a solution depends functionally on the Reggeon set {ai} and the form
of the vertex V.

The residue of the bootstrap equation at any Regge ﬁole j=a,
where ae{ai}, yields the vertex bootstrap (10.10) which is perhaps
more interesting than the original equation because it contains only
one unknown function V(t1,tz,t3): given the Reggeon set {ai}.

We return to the vertex bootstrap in a moment.

First we must note a certain inconvenient property of the

functions A of Eq. (10.8) and the vertex G of (10.9). A side effect

of doing the helicity pole expansion is that these functions are not




-55-

normalized in the sense of the standard Toller M-function discussed
in Section (2). Figures 29 and 30 show schematically how A and G
are related to the normalized ring amplitudes (ordered M-functions).
The functions F and F' are like the F's appearing in Fig. 18 and

Eq. (C.5). As noted earlier, the approximate role of these functions
is to convert the Reggeon helicity from the discrete values m, r,

P, ... as in Fig. 18 to the complex values (a-n).

Accounting for these normalization factors, we now rewrite the
vertex bootstrap in the extremely schematic form of Fig. 31 which
shows the bootstrap as a nonlinear functional integral equation of
the 3-point ring amplitude and the Reggeon set {ai}. In principle,
this equation should allow the computation of the ordered triple-
Regge vertex as a function of all three arguments. To our knowledge,

this calculation has never been done.

6. Counting

Approximate bootstrap calculations using a very small leading
Reggeon set {ai} have often indicated that the single-particle kernel,
with experimentally determined couplings, does not have the strength
necessary to elevate the generated output trajectories to their
experimentally observed intercepts. Assuming that this result is
not an artifact of the approximations made, one must conclude that
the peripﬂerality and/or the Regge-expansion convergence assumptions
which go into the multiperipheral model are simply not viable for
single-particle production, and one turns instead to cluster production.
One replaces the single-particle kernel with a cluster of limited

maximum width, but sufficiently broad so as to approximately
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Regge-factorize, even though there is no Regge pole in such a kernel.
This is the concept of the dotted Reggeon, and the program of Fig.

31 is then replaced with that of Fig. 32 which, when the left
coupling is boldly cancelled on both sides, gives the famous equation
" 1 = gNg " of Ref. 25, where N=N (flavor).

In going to the multi-particle kernel, however, one encounters
certain counting problems which invalidate the diagonalization
procedure which led to the simple equation (10.8). The necessary
alterations involve pre-convoluting the cluster/kernel with a

26,27 To avoid this counting problem, we

propagator on one side.
have chosen to concentrate instead on the cylinder calculation where

there is no counting difficulty.

(11) THE CYLINDER

The ordered or planar bootstrap discussed in the preceding
section consists of sewing together two ordered amplitudes (zero
handles, one boundary) in an ordered manner so as to obtain the
discontinuity of another ordered amplitude. By sewing together
ordered amplitudes (h=0, b=1) with a certain well-defined disorder,
one may construct the cylinder component (h=0, b=2) of the physical
4-poinf function. Figure 33 shows parts of this cylinder component
in several different notations. Figure 33a depicts, in quark diagram
notation, a particular contribution to the two-twist-pair piece
C(z) of the cylinder resulting froﬁ the unitarity product of two
9-point ordered amplitudes. Figure 33b shows the complete C(Z),

but the figure only has meaning in terms of discontinuities after
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the upper and lower Regge expansions have been inserted. These are
shown‘in Fig. 33c which is now drawn in the ring notation. Finally,
Figs. 33d and 33e display the topological meaning of the twists in
the absence of quark notation. To conform with the kinematic
diagrams like Fig. 15, we shall continue to use the notation of
Fig. 33c.

The full cylinder is defined as the sum of all its twist-pair

components,

c =) c™ (11.1)
n=1

When the C(z) component shown in Fig. 33c is diagonalized onto
angular momentum j, charge conjugation* T, and naturality o, one
obtains the triple pole configuration shown in Fig. 34 (when the
simplest assumptions are made for the j and flavor dependence of
the various elements, and when only the leading helicity pole of the

leading Reggeon pair is kept in each Reggeon loop)

1
j-oa

).t . 1 1
¢t f gy () 55 (1K) g , (11.2)

J

where
k = k(t) = k(3,t) =fd¢1°g(t,t1,t;)2 x [other factors].
(11.3)
In the phenomenology of Chew and Rosenzweig10 the cylinder-
shifts of the f, f', w, and ¢ trajectories are simple functions of

k, which is sometimes approximated by setting j =a. Roughly, the

*We are relieving T from its tradition duty of representing signature
since signature seems to play such a small role in the ordered
S-matrix, and also because there are already too many C's floating
around in Section (11).
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shifted f = pomeron has the intercept [in SU(1)]

aP(O) = o(0) + k(a,0) . (11.48)

We wish to discuss the technique used to arrive at the
expression (11.3) for k and to suggest how k might more accurately
be calculated as a helicity-pole expansion. After first diagonalizing
the charge conjugation, we review a one-dimensional cylinder calcu-
lation and then proceed to the three-dimensional helicity pole

analysis.

1. Diagonalization of the Charge Conjugation

cm)

Since the cylinder terms carry zero additive quantum
numbers, it is desirable to diagonalize the charge conjugation in
addition to the naturality so that cylinder poles can be identified
with physical particles. This procedure is very simple, as we now
show.

The ordered ring discontinuities carry orientation indices
which have been suppressed throughout this paper. One might write
(1,0,|A[2,0,) where o, = *1 depending on whether the ordered channel
i lies in the clockwise or counterclockwise Hilbert space.7 As a
2x2 matrix in this orientation space, A is diagonal with equal
diagonal elements, (1,ollA|2,02) = A 601’02. Changing to the charge-
conjugation basis |1,T) = [[1,0,=¢)+1]|1,0,=-)] /2, one finds that
(1,T1|A|2,T2) = A 6T1:T2’ so there is no need for A itself to carry

a T label.

In contrast, the twisted Reggeon propagator *p always connects

X

9, ,-0, P. In the

states of opposite orientation, (1,01|XP|2,02) =6

T basis P is again diagonal but the elements have opposite sign, so
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*P must carry a trivial T label,

T X

(1,7)*p|2,t = &5 _*P" where PT = ™% . (11.5)

T,T'

Therefore, the only effect of charge conjugation diagonaliza-
tion is to add a T label to the C(n) and to replace *p » o%p every-
where.

By comparison, the untwisted Reggeon propagatér P which appears
in the planar bootstrap does not mix orientations, so all contribu-
tions A(n) to the ring discontinuity A are diagonal with equal
diagonal elements in the orientation space and therefore also in
the T basis, assuming the special case of zero additive quantum

numbers along the chain.

2. The Cylinder in Rapidity

For comparison with the kinematically accurate (though still
physically slippery) cylinder calculation presented in the next
sections, we review here a '"typical" rapidity analysis of the c;linder.
For simplicity, only one flavor is assumed instead of the three flavors
(with 1=2# 3 symmetry breaking) used by Chew and Rosenzweig.10

In terms of the usual rapidity or Chew-Pignotti28 variables,
and with the CGL phase-space approximation discussed earlier in
Section (8), one writes in the energy plane the one-twist term of

the cylinder as follows (see Fig. 35):

1) . . y Yy b4

T %k

C(tl,y,ty) = f dxlfdg fdx2 §(y-x, -g-x,)
0 0 0

+ + X + + +
« [ a0, AGTx, T (1) AT,

(11.6)
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with d¢2 as given in Eq. (8.10). Here, A is the absorptive part of
a four-Reggeon ring amplitude of rapidity width Xs s and *PT is the
twisted (no cosine) Reggeon propagator of gap width g to be given
below. The label T indicates that the equation has been diagonalized
in the charge conjugation, T = #1.

Incorporating the Neveu-Schwarz shift o + o -1, we normalize

our triple-Regge couplings in the usual way,

R(EY,s,ty) 2 gg, T(1-a)(-s)° (11.7)
A(t)s.ty) = pioy g8, ()%, (11.8)

and take for the Mellin-projected ring discontinuity a form exhibiting

symmetric nonsense zeros,

j-a j-a
+ . * ~ T <, 1 Cs
A(t),j,t),) (o) [g]<a - Gc1>] ia [g3<a - °‘c3>] .

(11.9)

The presence of nonsense-zeros in a Mellin projection is equivalent
to the absence of fixed-poles in the Froissart-Gribov projection;
we want such fixed-poles to be absent because we assume there to be
no fixed powers in the ring amplitude R(tf,s,tg).

The assumption of the first nonsense-zero in a Mellin projection
corresponds to the absence of a constant term on the right-hand side
of a FMSR over A(tf,s,ti). By attempting to respect the analytic
structure of multi-Regge amplitudes, several authors29 have used
somewhat controversial asymmetric FMSR to argue that, in effect, the
amplitude shown in Eq. (11.9) sﬁould have a nonsense-zero on one
side or the other (depending on which external overlapping invariant

is held fixed), but not on both sides; i.e., that the form of (11.9)
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should be asymmetric. We feel, however, that the four-Reggeon
amplitude should be left/right symmetric, even if asymmetric NDC
is used in its generation, and this is our motivation for the form
(11.9), though we have no rigorous argument to support this conjecture.
One of the physical weaknesses of the cylinder calculation is
that small changes in the smooth (i.e., non-singular) j-dependence
of the projected planar amplitude, such as nonsense zeros, can cause
violent changes in the output pomeron location,30 so no calculation
can be trusted until the low-energy/smooth-j behavior of the planar
amplitude has been determined from the planar bootstrap. Hopefully,
such behavior might be computed from the helicity pole formalism.
Meanwhile, we shall use the form (11.9) only as a prototype and
continue our calculation.”

The twisted Reggeon propagator appearing in (11.6) is

X, T + P -
P (g,tz) = TH(tz) exp(gac ) . (11.10)
2
" In Mellin projection this becomes
' H(t)
T
+ <
TG,t,) = —— (11.11)
! j - ac
2
with
~ + + -
H(tz) = I'l-a,) T(1-a,) s (11.12)

which may be compared to (10.12) with (10.16).
Now, the C(l) equation (11.6) may be trivially Mellin diagon-

alized to yield

3

H(2 + . %
MeTiet, 5, =fd¢2 A(tf,j,tf)[j—T—_—(&c—l—]A(tz,J,t:). (11.13)

*Low energy data are, of course, helpful on this point.
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Inserting the expression (11.9) we find

.1, ..+t _ 7 (j -occl> [tk()] (j -aca)
C(t.3,t) = 11.14
( 12J 3) I'(a) [g1 Q- O G _a)z g3 a_acs ( )

1

with

~  + (J - aCZ)

KG) = 1y [, & Fed (11.15)

(0-ag )’
2

By employing symmetric nonsense zeros in (11.9), we have removed the
Regge-cut generating factor of the propagator (11.11), and have added
another factor (j-—acz) in the numerator; k(j) is j-dependent.
From the diagonalized integral equation for the full cylinder,
5.9 = Dlagn « fa, aai2 TG, 25,9,
(11.16)
or by simply summing the geometric series the first term of which is

given by (11.14), one finds that

T oo W j‘°‘c1> Tk(3) (j“"cs)
€ (1,j,3) = W[gl<°“°‘cl G-0(@ -a-tk()) |5 a-a. /I

(11.17)

which shows the pomeron (T =+) at the solution of
j = a+k(j) . (11.18)

Finally, adding C to the planar term A extinguishes the unshifted

pole in the manner of Ref. 10,

. T,y s T J -, 1 I %
A(I’J :3) + C (1,3 ,3) = P(a) [gl(a_ac j - (O,'i"l'k) g3 a-acs) ?
1 3

(11.19)

and the symmetric nonsense zeros appear also in the cylindrically

corrected amplitude.
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3. The One-Twist Cylinder Term as a Helicity Pole Expansion

The typical multi-cluster contribution (B)K(E,v,g') to the
four-Reggeon ring discontinuity was given in (10.1) and illustrated
in Fig. 22. The sum of all such terms defines the complete four-
Reggeon ring discontinuity in the "energy plane.'" Of necessity, the
object A contains the propagators on both ends of the multiperipheral
ladder. It is important to realize that A contains these end-
propagators im convolution, so that, unlike the kernel, X(E,v,g')

cannot be written in the form
~ ' _ '

Only after diagonalization can the end-propagators be removed as in
(10.5). For this reason, it is difficult to write cylinder terms —

(1)

in particular C — in the energy plane, but very easy to write
these terms in projection, as we now show.
Let us define an extremely condensed notation so that, for

example, Eq. (10.1) or its diagonalization (10.2) both read:

(3% - pxpkpKP

Similarly, the planar bootstrap reads

PKP + PKA [energy plane, see (10.7)] ,
(11.20)

A

]

A

]

K + KPA [j-plane, see (10.8)]

In this notation, the C(l) cylinder term may be written in the

energy plane as

C = AKPXKA + PKPyKA + AKP KP + PKPXKP , (11.21)

where P, is the twisted helicity pole propagator (see below). The
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diagonalization of (11.21) is, in our condensed notation, again
(11.21). Once (11.21) has been diagonalized, we may use (10.5) to

expose the propagators so that

t . P[APK + K] P,[KPA + K]P (j-plane). (11.22)

Inserting the planar bootstrap (11.20) twice yields
(1) _ .
C = PAP, AP (j-plane). (11.23)

Finally, in analogy to (10.5), we define C(l) in terms of E(l)
to get

C(l) = AP,A (j-plane),

which, in full j-plane notation, reads
(1)A] - [ X j
Cpy (153) ‘%: m A2 TR A28 . (11.24)

This equation, illustrated in Fig. 36, gives the projected one-twist
cylinder term in terms of the projected ring discontinuity A which

solves the bootstrap (10.8).* From (10.14),

H(2)

X
P, (2) —2d , (11.25)
A <, -,

where H(2) is given by (10.12) with the signature-factor product
replaced this time by (10.16).
Adding the naturality and charge conjugation labels [see

Sections (10.4) and (11.1)], (11.24) becomes

(Dpjot - dx jo T jo
Cuu.(l,s) 22 T H(2) Aw\(l,Z)[m:]Am,(z,s) s (11.26)

*Notice that Eq. (11.24) does not say ¢ KP, K.
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or, in terms of the lower-case projections of (10.20),

(1) joT

- dA Jj Zio
Copr (1,3 = 22 Iw H(2) By &15(1,2) 5= h aw,(z,S) ,

(11.27)

with Hi S TG+1+M0TG+1-2).

4. Angular Momentum vs. Helicity

We pause to make a few observations about Eq. (11.27). First,
it should be clear that the '""Reggeon propagator'" (11.25) is not
directly related to the angular momentum j, in contrast to the
feeling one gets from the rapidity approximation. That is, the
leading helicity-pole propagator has the form 1/(A-h,), not
1/ - ac) as in Eq. (11.13). As emphasized in Appendix E, the
variable & which measures the energy dependence of the object we
loosely call a Reggeon propagator is the analytic continuation of an
azimuthal Euler angle, not a central Euler angle like 6 of (¢,6,¢').
Therefore, the correctly projected propagator is a function of the
variable conjugate to that continued azimuth &, namely, the continued
helicity A, and not the angular momentum j. The rapidity formalism
with its collinear boosts is incapable of distinguishing angular
momentum from helicity, and projects everything onto a hybridized
Mellin projection index "J'". One feels that asymptotically — i.e.,
near singularities in the projection index — this hybridization is
acceptable. Even so, it seems unlikely that the low-energy behavior
of a planar discontinuity could be determined from a planar bootstrap
which uses such an approximation, and the same goes for the cylinder.
For example, it is just this distinction between j and the variable
A (which is forced to the value h, = ac21+1) which gives rise to the

threshold factor appearing in Eq. (11.38) below.
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5. Regge Cuts and Nonsense Zeros

The A-plane for Eq. (11.27) is shown in Fig. 37. As j is
varied, the helicity contour is repeatedly pinched between the helicity
pole at A==h2 and the poles of I'(j +1-2)). Each pinch generates a
pole in j which is in turn converted to a Regge cut by the transverse
integration d¢,. These j-plane poles are, of course, explicit when
the helicity contour in (11.27) is left-shifted as per (12.12) to
give

(1)(:‘3;?;(1,3) = 2rZ[d¢2 H(2) T(j+1+h,) T(j+1-h)

'
(120.2

1
n,n,

x édﬁz(l,z) éiju.(Z,S) . (11.28)

Keeping only the leading helicity poles of the leading Reggeons
so that

—1 -
h, = o, +0, = o, + 1 (11.29)
and setting p= y' = 0, (11.28) becomes

(I)ngT(l,S) = T/d¢2 [H2)] TG +oe +1) TG -0 )

X

A jo ~ jo
aohz(l,z) ah20(2,3) (11.30)

which may be compared to the rapidity result (11.13),
1) j ~ . -1 j j
DT, = 1 fao, @] G0 - dan Jden . ansy

Whereas (11.31) shows only the first Regge cut, (11.30) exhibits
the complete family of Regge cuts associated with the Reggeon pair

o, ,0.. Recall, however, that if the upper-case projections Al

2272 U
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lack fixed poles at the nonsense points, the lower case aiu

, have
nonsense zeros. We presume, then, that these amplitudes in fact have
a string of nonsense zeros which cancel all the gamma function poles
and thereby eliminate all Regge cuts from the cylinder, just as we
contrived to do in the rapidity model. More significantly, the same
mechanism should remove Regge cuts from the planar bootstrap.

Unfortunately, we have been unable to pursue this question due to a

technical difficulty which we discuss in Section (12).

6. The Complete Twisted Reggeon Loop

Since the A's appearing in (11.26) are the projections of ring
discontinuities, their j-plane singularity structure contains, hope-
fully, only Regge poles. We then write as an asymptotic series,

T .jO,. . ] [ T .jo,.,. ]
. = G’ " (1;a == Gy (2;a
N -3 Vet 0] [Vrtg e
u}\ > B

o (G -a)

(11.32)

where the G are triple-Regge couplings,
jo,. . _ Ajo ', ',
Gu (lya’) = G]J (ai:ai) ti’ti’ a’t) ]

whose normalization was discussed in Section (10.5) and shown in
Fig. 30. Near a particular Regge-pole, Eq. (11.32) reduces to the
form (10.9) given earlier, but in general we wish to maintain the
j-dependence in the triple-Regge couplings, as discussed below.

Since Gj(l;a) couples two Reggeons (al,a;) to a third Reggeon q,
it is clear that the coupling vanishes if o has the wrong naturality,
so we now drop the naturality label, keeping in mind that (11.32)

represents a sum only over trajectories of the proper naturality.
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Inserting the pure Regge pole expansion (11.32) twice into

(11.26), we find for the projected one-twist cylinder term

(l)cw,(l,z) B Z[’ T() GJ (1 a)] a{ aa'

0,0

/ j
x[r(a) G (Sa)} , (11.33)

where
Ko = — T Ay |2 22— 6l 2;an].
oo TONCD ;; im [ A A-h, "A ]

(11.34)
When the helicity contour is shifted to the left as suggested in

Section (12), the resultant k is

27

K o) = S H@) [Bw]) [8an]) -
oo VT@T @) 2 h P2 11359

In our Regge pole expansion (11.32) for the ordered four-
Reggeon discontinuity Aix(l,Z), we have exhibited the triple-Regge
couplings as being j-dependent, just as in the rapidity version (11.9).

Usually Regge couplings are presumed to be independent of j, e.g.,

A.G) = Ya'b

ab ") G-

so we wish to comment on this point. The Regge expansion given in
(11.32) is supposed to be a reasonable approximation to the exact
partial wave amplitude AiX(1’2)° However, we know from (10.18) that
when k1 > 0ork, >0 [ki are the continued cms momenta, see Eq. (5.7)1,
the partial wave amplitude A&A(I,Z) must exhibit the characteristic
threshold behavior,

j—acl-l j-a. -1

i ' j
[A(I,Z)]m = (k) (k,) [A (1,2)]}1)\- (11.36)
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Therefore, in order that the (finite) Regge expansion (11.32) be
accurate, we must assume that the couplings also exhibit this threshold
behavior,

. s _ -1 .

j J=Gc

el = &) * '@l . (11.37)
We might then ignore the j-dependence of the residual coupling G'.
In particular, we have already noted that G' should have no fixed
poles in j.
Therefore, a model for the complete twisted Reggeon loop k

accounting for this threshold behavior and lack of fixed poles is

j _ 2m 2m 2 j-acz
™ aren 2 2 dwzfdkz(kz) 1
OCZ,C!; nzn; -c0 0
x [8'@2m] [6'e;eh)y . (11.38)
h2 h2

where we have used d¢, = (2m/£) k°dkdw as given in Eq. (8.10), and
where H(2) is Eq. (10.12) with (10.16). In the past, expressions
for k have not shown this threshold behavior because the projected

triple-Regge coupling has been identified with the j-independent dual

coupling
' T(a+1)
g(t,tz,tz) Ta-ag )
2
The complete twisted Reggeon loop and its relation to C(l) are

shown in Fig. 38. There, the loop is cross-hatched to indicate that
it is a complete twisted Reggeon loop incorporating the effects of all

the helicity poles of all Reggeon pairs.
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We may now compare this precise Reggeon loop to its approximation
in the rapidity model as given in Eq. (11.15). First, sinée we have
included more than one Regge pole in our approximation to Aj, the k
of (11.38) is a matrix in the space of the Reggeon set {ai}, whereas
(11.15) shows only the leading diagonal element of this matrix.
Secondly, the usual numerator gamma functions of (11.12) which contain
the physical poles of the propagator, now appear as sines in the
denominator of the factor H(2), with the job of ghost removal now
incumbant upon the couplings G in the sense of Eq. (2.8). We have

retained the e_, e,

,» €, factors in H(2) to allow for fermions on the top

and/or bottom of the Reggeon loop. For example, the upper and lower

Reggeons must both be baryons in the contribution to the cylinder

which mixes regular mesons with baryonium states,31 (see Fig. 39).

Finally, the k appearing in (11.15) contains only the leading pair

of Reggeons (az,a;), and only the leading helicity pole corresponding
1

to that pair, i.e., n, = n, = 0.

7. The Full Cylinder

So far we have discussed the zero and one-loop contributions to
the full cylinder, Eqs. (11.32) and (11.33), which we now rewrite in

an abbreviated notation

0
c@a,3 = gy, P, 23,
1
cWa,n = gy Py K Pe®;
. -1 _
where now Pi = (J-ai) and Kij = Tkaiaj. To compute the full

cylinder including the planar part,

s =y c™a,s
n=0
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we remove the external couplings on the ends to make matrices of the

n)

C( , and we replace the Pi with diagonal matrices

_ . -1
ij = %3P = 85500y

Then C is a geometric matrix series which one sums to get

_ _ [cofT(P_l—-K)]..
[C(1,3)].. = [P+PKP+...].. = [P’l-K] 1 .
1] 1] ij det (P~ L -x)

The locations of the poles of the full cylinder are then determined by

0 (11.39)

det D(j,t)

where

G -ai(t))aij - -rk:J.Lj t) (11.40)

[D(J',t)]ij

with ki' as given in Eq. (11.34). 1In practice, one can restrict to

a small number of leading planar trajectories and include symmetry
breaking. If the matrix space is crudely limited to one dimension,
Eq. (11.40) shows that k recovers its simple significance as the
shift between the pomeron and planar Reggeon in the one-flavor model,

as in Eq. (11.18).

(12) FIXED POLES, NONSENSE ZEROS, AND
THE HELICITY CONTOUR PROBLEM

‘Whereas the diagonalization procedure described in Section (9)
is straightforward, the problem of shifting the helicity contour in
the diagonalized equation is still, we feel, an unresolved question.
Rather than bury this discussion in the cylinder calculation above,
we thought it best to expose the problem clearly in the hope that
someone will solve it, and to show the drastic assumption we make in

the end. The problem described here in effect blocks the completion
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of the helicity pole expansion program.

Consider a simpler version of Eq. (9.1),

A(g) = Sd¢ B(¢)) C(g,) , (12.1)

or its diagonalization

j dA o3 ] :
A= |5 B G ; (12.2)

with projections as given in Egs. (9.4) and (9.5), which we now

write as
Ciw = fdz Qiu.(z) Copr ™) (z = chv) (12.3)
1
Copr V) = %,F% e'xg‘/‘-dz% ™' c(g,v,En (12.4)

and similarly for Aiu,, but for Bal we have

o

By - fdz 2, (2) B, ) (12.5)
1
HORE ff‘% e BE,v,0 . (12.6)

The functions Qiu,(z), like the regular Qj(z), have poles in j
and therefore (it turns out) in A and u', and this certainly suggests
that the projections like C%u, of Eq. (12.3) might also have these
"fixed poles,'" although this is not necessarily the case. Neverthe-
less, it is useful to convert from the functions qu, to the qiu, of
Eq. (A.13) which are analytic in j, A, H' and have no zeros, at least

for Re(j) > -1. Defining new, lower-case projections as in Section

(10),

11

PN
S {dz A (2) Gy ), (12.7)
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j 1nes " j
A’ has no "fixed poles," then CAu' must have

zeros (nonsense zeros), since c is the residue of the pole in C.

we can say that if C

(In this sense, c is closer to the Mellin projection than C.)

In terms of the lower-case projections, (12.2) becomes

NI R, G, RS I
auu, = T HA “uk Cku' , (12.8)

where H) = T(j+1+NI(G+1-1). As A~ tie, H§+exp(-wlxl),

providing the excellent apparent convergence for the helicity inte-
gration. One pays a price to get this exponential damping, however;

Hi has poles going off in both real directions in the A-plane (see

Fig. 37). Suppose bil is analytic in A and ciu, has a simple pole at,

say, A=h=-1+i. One would like to say that, when the contour is shifted

J -
'

also make contributions, and to make matters worse, the poles of

to the left, this pole makes a contribution to a However, the poles

of Hi

at A=h can pinch the contour against all the poles of T'(j+1-2)

j
S
J

causing auu, to have poles in j ('"Regge cuts'"). Since Regge cuts are

unwanted in the cylinder or planar bootstrap, we would like to claim

that the poles of I'(j +1 - A) are cancelled by nonsense zeros in the

projections like ciu,, which is to say, the Froissart-Gribov projection

Ciu' has no fixed poles. This sounds reasonable if Ciu' is the

projection of an ordered (planar) amplitude where fixed poles must
be absent so that the Regge cut discontinuity formulas give zero
discontinuity, circularly speaking.

Granting that the product “ﬂk ciu' has full nonsense zeros to

cancel the poles of I'(j +1-A) and remove Regge cuts, one must still

consider the problem of shifting the contour. It must be impossible

to shift to the right because then one gets a = 0, certainly not

j
!



-74-

desirable. Shifting to the left yields a contribution from the pole
at A=h, but still there are all the poles of I'(j+1+A). The conjec-
tured form of the helicity nonsense zeros of Eq. (2.8) suggests that
the zeros in the A-plane should be symmetric and therefore the poles
of T'(j+1+)A) are also killed (although the dA convergence is now
jeopardized by the removal of Hi).

Now, presumably, the integrand of Eq. (12.8) is analytic in A
except for the pole at A=h (the "helicity pole'") and we would like
to say: shift the contour to the left, pick up the helicity pole
contribution, and hope the contour integration vanishes as it is
shifted off to Re(A) = -,
| However, in the C(l) cylinder calculation of Section (11) we
found that, aside from the helicity pole, the integrand was symmetric
in A, so that if we disallow a shift to the right, we must also
disallow a shift to the left.

The situation is analogous to the problem of the Sommerfeld
Watson representation which is resolved by the '""Mandlestam trick" of
replacing the poorly behaved functions Pj with j-decaying functions

like Qj' In Ref. 3 it is suggested that a similar procedure be applied

in the present context. Presumably the projections ciu, are badly

behaved as Re(A) + i because the qiu, are badly behaved. As shown

in Appendix A, one can decompose

EES IS
B+ Ay, (12.9)

j
q)\u'
where aiu' has poles only on the right, those of T'(j+1-)), and is
well behaved as Re(A) = -, as can be shown by applying Watson's Lemma

to the integral representation, Eq. (A.18). Defining projections p

and ¢ in the obvious way, (12.8) becomes
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aiu' = %% Hi [iax + Qiu,-x] [Eiu, + EiA”_L“].(lz.lo)
Now, sadly, one does not really know the large A behavior of the
various projections because, looking at (12.7): (a) infinite range
integrations can change asymptotic behavior; and (b) Cku'(v) also
depends on A via the Fourier projection (12.6).
At this point one throws up one's hands and makes a guess. Of
the four terms on the right side of (12.10), the fourth term may be

harmlessly shifted off to the right where the projections 33 A and

Eik,-u' have at least power decay. The two cross terms either
cancel, or may also be shifted off to the right, also yielding no
contribution to aau,. The first term must be shifted to the left,

in the direction that ﬁﬂk and Eiu, are at worst power behaved.

This term picks up the helicity pole at A=h, giving the final result

b2 o).l o
ae = 2Hp By Res [c 0] - (12.11)

or, in terms of the original equation,

J PS5 B ~J
A = 2B “Res [chu,] . (12.12)
In this paper, we have made the assumption that (12.2) can be

replaced with (12.11) or (12.12) in the following locations: (10.41),

(11.28), (11.30), (11.35), and (11.38).
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APPENDIX A
SOME USEFUL FUNCTIONS

References 9 and 23 describe at length the properties of the

generalized Legendre functions pJ

j
v and qu. Here we reproduce only

their definitions and basic symmetry properties:

j 2-1 L(v-u) 741 35 (v+u) F(?+1+v,—j+wn V-u+1; l%z)
@ = (5 (%) ,
T(v-u+1)
(A.1)
j 35 (u+v) -j-1
J - 1 : s1o z+1)? (Z—l)
qu(z) L T(G+1+)T(j+1-v) (ETT' =
F(?+1+u,j+1+v;2j+2; 122)
8 - , (A.2)
T'(2j +2)
pl, = P pl - pi-1
e “V.mu v v ’
X . ) (A.3)
] = @ S IR, B,
Ty = Ty, By Gy &y
where
¢ T(j+1+)T(j+1-v) A)

w T TGHI-WTG+I+)

All variables are general complex numbers. Sometimes we make use of

the following combination:
J ] - : -urgr
Wi (@) = @ (EVE) = e He @, (chv) e . (A.5)

The usual rotation d-functions > are given by [+ for Im(z) 2 0]

. m-m'

d @ o= @™ 6T @, e

or
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. . i LI '
dglm.(e) = (Ggl'm) (+sin %)m ! (cos g)m o

F(j+1+m', -j+m'; m'-m+1; sin® -g—)
X (A.7)

T(m'-m+1)

L]

When j,m,m' are all integers or half-integers, one has

d w2 = 7 g,
. o (A.8)
I (g=m) = J-m

&l em = (DT 8 .

As usual, the complete rotation-group matrix element is given by
j j -im¢ .j -im'¢'
DIJIIm' (g) = ijnm' (¢,6,¢') = € ¢ dl::ﬂ'ﬂ'(e) (] ¢ . (A.g)

The accompanying second-kind e-functions33 are defined by

™™ @ 00 @, (A.10)

ey 1 (2)
with

j rd -] j Ty ~im'v . A.11
Bl aEw = ™ol () sV R

j
E n (8)

The d and e functions have these helicity symmetries:

mem' A . .
I A AT

(A.12)
_qam-m' . o) = o)
(-1) ®m' = m'm ° €lm,-m' )

Sometimes it is convenient to use still another version of the

second-kind function,

j
. (z)
j _ B

YW@ = TGFT+pIG+I-w ° - (A.13)

This q-function has the advantages of being analytic in j, u, v, and
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having very simple symmetries:
Q. = q% = q’ = ) ) (A.14)

The asymptotic behavior is given by

NG 2) 23 (A.15)
lim q° (2) = w/=+—5v > A.15
zaw MV T(25+2)
and the relation between q and e is .
j Lmemt g
e (2) = @) [H T e () (A.16)

where H) = H,Jann, , and Hi = T(j+1+p)T(j+1-u). An integral

representation for q is given by34

j ] -1 -
H )y (chv) = 12_£ do £(a) (A.17)
where
P 1 o ) A
f(0) = e (chv + shvchoyd![ e tth(V/2)
1+e th(v/2)

Since qix is analytic in M, and has no identical zeros, the function
on the left-hand side of Eq. (A.17) has poles going off in both
directions in the u-plane. By decomposing the integral into two
parts, it is possible to produce a function which has poles only

on the right,
0

1/2](1(1 fl) , (A.18)

-00

J oAj
H chv
! qu.,\( )

and is well behaved as Re(M) > -o. Comparing (A.18) with (A.17), we
find

i 4l AJ
quk = qux + q__u,__A . (A.19)
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Letting e “=p in (A.18) and using Bateman's>> formula [5.8.2(5)],

a may be shown to be a two-variable hypergeometric function

. -8 -8
Hi q&x(chv) 5 T(+1-w) (chy) (sh3)

: Yy cth ¥
§ Fl(a’B’B',Y, -th 5 , -cth 2)

I'(y)
where .
Y = o+l = j+2-u,
B = j+1+2A > (A.20)
B' = j+1-2

The poles mentioned above are now evident. Our functions q and a

appear in Ref. 3 as d-functions [no connection to Eq. (A.6) above]:

JoJ - J
Hy Qe e ’
(A.21)

m
TR '
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APPENDIX B
TOLLER M-FUNCTIONS

We present here the definition and some basic properties of the
Toller M-functions used in Section (2). Our conventions differ some-
what from Toller's11 and will be presented in detail elsewhere.1
As noted earlier, the M-function formalism applies equally well to
the physical or ordered S-matrix connected parts.7

A Toller M-function representing a 2-to-3 amplitude may be

defined as follows:

Jnlmzmsm“ms

M (l,al; 2,a,: 3,a,; 4,a,; 5,a.) A 6"(ext)

m m m
: ([Essluf(as) &[5, V@) e, v a,)

Ay I,
SC!U(al)Ipl )®u,)l3, )) (B.1)
where
4 4
§ (ext) = & (p,+p,-P,-P, -Ps) ;
Pi = (mi,0,0,0) >
and the constant A = -2micf is discussed at the start of Section (4).

The L(ai) are the 4x4 Lorentz matrices which act on 4-vectors, whereas
the U(ai) are unitary operators which represent the elements (O,ai)

of the Poincare group in the single-particle Hilbert space. The
states | ) and | ] are defined and discussed in Ref. 13; basically
they are linear combinations of the usual | ) states which are
designed to transform as undotted and dotted spinor representations

of the Lorentz group. In Eq. (B.1) all helicity (spinor) indices are
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of the undotted upper (contravariant) type. Generally there are four

kinds of spinor indices: xm, X s xm, and X s which can be raised
(G acts on the left) or lowered (G acts on the right) by an anti-

symmetric metric spinor

. [ M !
G = ™ = 6., = ™M = &  (-m

mm' mm' mm >

where s 1is the spin of the particle involved. Except on a few
occasions we use only the x" and X index types. However, in order
to allow room for explicit spin labels like s , we have adopted the
following notation:

5152535u55 _ ~ m

r'nlmzmarp“ms M,.'n111121113151"01“5 1 4

M

]
=

3

=

That is, upper indices are written as lower, and lower indices are
also written as lower, but with a dot underneath, this dot having no
relation to the dots of xfrl and X -

The only properties of the Toller M-functions stated here are
the invariance and covariance conditions. Other properties such as
crossing, TCP, Reggization, etc. will be discussed elsewhere.16

The statement of Lorentz invariance in terms of Toller M-functions

is very simple:

Mm m,m,m m (aal’ aa,, aay, aa,, aag) = Mm m,m,m, m (a;,25,25,3,,35).

1 23 45 17273475
(B.2)

This invariance condition, immediately evident from the definition
(B.1) since the operators U(a) are unitary, states that a Toller M-
function transforms as a Lorentz scalar. The equation is the same
for all types of spinor indices as long as both sides match.

In addition to the above overall invariance condition, the
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Toller M-functions have a covariance condition on each particle, e.g.,

Momommm (B152258552,8:3,)

12345
Sy
s
- E M , y
mym,mmymg (2, ,a,,a,,3,,a5) D, (g) (B.3)
om'=-s by
4 i

where g is any rotation. The covariance conditions are also obvious
from Eq. (B.1), given that the rest states Iim) transform in the same
way under rotations as the usual Ig,m) states, while the states Iﬁm]

transform as D*.

Toller extends his covariance condition to include parity,
rotations and parity comprising the complete little group H_of a
rest 4-vector. This matter is discussed further in Section (3).

To verify the counting of variables, one finds for the general

n-point Toller amplitude:

nxo6 each ai =6 variables
-nx3 covariances

-6 invariance

-4 8" (ext)
3n-10 .

Finally, the Toller M-functions are related to the momentum-

space M-functions (spinorial amplitudes) of Taylor13 (Stapplz) by

M

(a,,a_,a_,a ,a_)
1°72273274°7s
m m,m.m m_

5

71' 0,53)

= M' (p sP,sP,.»>P,»P ) D ' ! (a.) N (B.4)
m;m;m;mzm; 1’8225 325,285 i=1 mimi i
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13,16

0,S; . . . .
where p(® i) are certain spinor representation functions of

SL(2,C), and p, = L(q;)P;-

Toller has shown that the n-point function Mm‘..(a...) is
analytic in [SL(2,C) xSL(2,0)]" = [complex Lorentz group]n, the only
singularities being reflections via p.1==L(ai);i ‘of the positive-a
Landau singularities which are the only singularities in the P; of
the Stapp M-functions (e.g., normal thresholds, poles, triangles);
kinematic singularities and constraints are not present. However,
when the Mm...(a,...) are confined to certain surfaceg within
[SL(Z,C)Z]n, as by using the standard frames of Section (5), these
kinematic singularities reappear. This is obvious when one realizes,
e.g., that the Toller 4-point function, when written as a function of

ge0(3), is an ordinary helicity amplitude.
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APPENDIX C
THE HELICITY POLE EXPANSION FORMULA

In Ref. 9 we have derived a certain "alternative' second-kind
generalized-Legendre addition theorem and have proved its convergence.
This formula, Eq. (2.11) of Ref. 9, when converted from the @ to the

q functions of Eq. (A.13), becomes

_ZZ (_l)m-j o0

m-j=1

o HE qiu'(z)e—u'ﬁ'

I'(j+1+m)

rores a2 @) . €D

The relation between variables (E,z,g') and (zl,a,zz) is given by

Egqs. (2.8) and (2.9) of Ref. 9. We now make the following set of

changes on Eq. (C.1):

€ > -iu gh > -iv
z, ishf z, *> -ishh
H > -m p' > -r (C.2)
a > g m-j -+ n+l
z > chg

Taking j + -j-1 in the equation which results from these changes

leads to

e imu o 'J l(chE) - +2Z

(C.3)

x oM aj’ ' (ishf) qj’ ' (-ishh) ,

which converges when Re(§) > 0. However, from the discussion in

Appendix E of Ref. 9 it can be shown that § + - is compensated in
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Eq. (C.3) by (u,v) =+ (-u,-v). After making these changes in (C.3),

one may then take (m,r) =+ (-m,-r) to get an equation identical to (C.3)
except that m,r and £ are replaced by their negatives on the right
side, and this new equation converges for Re(£) < 0. Both equations

can be written simultaneously by introducing an index K,

o n
23 8 Y U125 4m)
K=+ n=0

s Siol. o~ ity
o~ imu qﬁi' (chf)e T

el G-n) -3-1 -3-1 4
X e qj-n,Km(lshf) qj-n,Kr('lshh) ,
(C.4)
now valid for - < § < =, As the last step, the q function on the

left side of (C.4) is replaced with its e-function equivalent [see

Eq. (A.16)] so that, upon defining

. 2T(-2j +m) (- g 19%
N E)) ‘[ m ] -1 (ishe) L, (C.5)

n,Km n! qj-n,Km

Eq. (C.4) becomes

e ey = BTN - OREPILICS

mr
x 3 Fi’Km(f) IE1G-m Fg’Kr(-h) . (C.6)
n=0

Setting j =a, then putting a subscript "2" on all variables yields
the result quoted in Eq. (6.1).

From Eqs. (2.8),(2.9) of Ref. 9 and (C.2) above, the relation
between the BCP (Bargmann) variables (u,g,v) and the Fig. 15 variables

(f,£,h) may be found:

~

chg = shf shh + chf chh chf |, (Cc.7)
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+iy _  [shh chf + shf chh chf + ichh shg]
shg

s (C.8)

and an expression for etV given by he f in Eq. (C.8).
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APPENDIX D
THRESHOLD KINEMATICS

In Section (5) we studied the left- and right-side loop equations
of Fig. 14 in order to compute the Misheloff rotation. Here we examine

instead the lower loop equation of Fig. 14, namely

-1
0, v,6, = h1q1f

.5, (D.1)

2

Analysis of (D.1) in the manner of Appendix E of Ref. 9 shows that

shv,
chf, = sind, Eﬁﬁj ,
. sh\)1
chh1 = sinf, shql s
where, as found in Section (5),
k1
sine1 = T (5.18)
(-tl) 2
kz
sinb, = — (5.21)
('tz)
£
5]'1(;[1 = i 1/2 (5.1)
2(’t1) 2("t2)
1
[aC-k],-k2,pD) T?
sh\)1 = . (5.19)
2k, k,
Therefore, as k1 >0,
2 2
(pl * kz)
chf = = const.

2 2(-t )% shq.k
(-t )~ shqk,

2 2

(p, +k,) )
chh1 = i = const, X k1 s
2(-t2)2 shq, k,
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and as k2 + 0,

2 2
(p, +k;)
Chf2 = lj =
Zshql(-tl) k,
(pf + kf)
Chh:l = =

T
Zshql(—tz)zkl

These last four equations are used in

threshold behavior of the kernel.

const. X k

const.

Section (10) to find the
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APPENDIX E
THE CROSS-CHANNEL CONTINUATION

In order to carry the kinematic structure of Fig. 15 from the
multiperipheral region to the physical cross channel where t >0, one
must analytically continue in the Mandelstam invariants to appropriate
new values and perform a complex Lorentz transformation. Our main
purpose in describing this procedure is to show that the peculiar group
variables appearing in Fig. 15 are simply continuations of the familiar
variables one would use to describe the large-t Regge limit.

Consider, instead of Fig. 15, the single ladder rung shown in

Fig. 14. The invariants ti’ti’t and s are defined by

¢ = &)’ ey = kp°

t = k) t, = (k)

Q = (k,+k}) = (ky+k;) , t=q
' ' _ 2

p, = (k, -k = (k;-k) , S, =P,

Our goal is to start in the multiperipheral region of the Reggeon

process 1+ 2 > 1'+2', where

Q,ki,k; = spacelike
A(t,ti,ti) = negative
p, = future timelike

bws frames

i

central level

and wind up in the cross channel physical region for 2+2' > 1+1"',

where
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1

Q’ki’ki = future timelike
A(t,ti,t;) = positive
p1 = spacelike
central level = cms frames

Bws (cms) means brick wall system (center of mass system).
The first step is to continue all the t's. Figure 40 shows a
"movie" of this continuation, and Table 1 describes the movie.

Including t, and t; one may conclude that

1L L
(-t')z > i(ti)z

1 L v L

DA 1Y
(E.1)

L L

(-6)* ~» i()”

1 1
(+s,)% > -i(-s))”

The branch point detours were chosen in the same way for all variables.
What effect do these changes have on the equations of Section (5)°?

First of all, Eqs. (5.1) become

Ly
shv, = (s +t -t,) / 2(—51)2(t1) 2

1 1
sho, = (s,+t,-t,) /2(—51)2(1:2)2

L L
chq, (b +t,-s.)/2(t))7%(t,)*

which are now the correct BCP boost formulas for a 2-timelike/l-space-
like vertex.

More interestingly, Eqs. (5.3) and (5.5) become
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' EPRN
cosb,, = (t-t,-t,)/2(t,)%(t,)

1 1
cosf,,, = sho, sho, + cho, cho, cosx, .

But now cos(GZZ,) >1 which implies cos(Xl) >1, so we define

cosb,,, = coshnm,,,
cosX, = coshgl
to get
' EPIN
Chn22| = (t—tz—t2)/2(t2) (tz)
chnzz, = sho, sho, + cho, cho, chg,
From these expressions one recognizes that n = -if is the usual
P gn 22! 22!

rapidity boost parameter connecting the rest frames of the (now)
incident particles k, and k;, and that El = -iX, is the Regge variable
of the 0(2,1) link (ul,El,vl) on the now spacelike line P, (recall
that H,,V, were set to zZero).

To complete the above description, we now construct a figure like
Fig. 14 in which the parameters Nyt = -i6,,, and El = -iX, appear
explicitly as frame-connecting boosts. The frames in this new figure
(which we do not draw) form a sort of shadow cabinet for the frames of
Fig. 14 in exactly the sense of Fig. 21, except that the s' of

Fig. 21 is now replaced by this complex Lorentz transformation

T = BZ(-i g) X

The operator T, given in the 4-vector space as

0 0 0 -i
1 0 0

T = 0 1 0 ’
-i 0 0 o0
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turns timelike vectors into spacelike and vice versa so that, e.g.,

*

k, (in one of its spacelike rest frames)

o
]

2 (0,0:0: V‘tz) = (0,0,0,i‘\/ tz)

becomes

Tk,

1l
-

(Vt,,0,0,0)

where k; is the vector appearing in the new figure.
According to the rules of Eq. (E.1), the bws versor magnitudes
ki of Eq. (5.7) become
[ACt,t;,t,)]

k; = - ,
2(t)*

which are now the initial and final channel cms vector magnitudes.
The-zi of Eq. (5.13) is now imaginary

- 1
+t, -t.
i(t t1 tl)

Z. =
1

T iEi
2(t)7*

as desired, since k, in one of its bws frames

bt
"

(0,k,,0,2,) = (0,k,,0,iE,)

becomes

ﬁ; = Tk, = (E,,k,,0,0)
which is the normal form of a standard cms 4-vector, except fz points
in the x-direction instead of the z-direction [see Egqs. (5.10) through
(5.12)1.

Our imaginary new figure can be completed very simply by examining

the action of T on the Lorentz generators (see Appendix A of Ref. 9):
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G 16T

Jx —_ iKy

Jy _ -in

Jz - J,

Ky —_— -in (E.2)

Ky —_— in
z - K,

so that, e.g.,
-ib J -ib [-iK,]
227y 22! X .
Ry(ezz') = e > e = By(-i8,,,) = By(n,,,) ,

lending credence to the above remarks concerning the variables 6 and X.
Finally, consider the central level boost parameters Ei and vi
which were so important for the diagonalization of Section (9).

According to (E.2), the combination

which surrounds the cluster p in Fig. 15, becomes in the new
picture

Rx(9,) Ry(B)) Re(d,)
where

6, = ig B, = -iv, ¢, = iE, (E.3)

are the Euler angles which characterize this rung in the physical cross
channel (81 is the scattering angle, £1'£z = cos(B,)), except that, as
already noted, the azimuthal rotations happen to come out being
x-rotations instead of z-rotations.

We conclude with a short comment about helicity. Equations (E.3)

show that the central level gi boosts of Fig. 15 are the continuations
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(to the imaginary axis) of the cross channel azimuthal rotations of
the process 2+2' + 1+1'. Therefore, the variable conjugate to El,
namely u,, is the analytic continuation of'the variable conjugate to
¢1, which happens to be the channel helicity'n1=nh +nq. This justifies

our characterization of the u or A variables as complex helicities.
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APPENDIX F
REATTACHMENT OF THE END-RUNGS

How does one obtain from the solution of Eq. (10.8) the physical
discontinuity for particles rather than Reggeons? One way is to
continue the Reggeon discontinuity A in the masses, spins, and heli-
cities:to the desired physical points. Unfortunately, the 4-Reggeon
discontinuity A appearing in Eq. (10.8) is not a standardized Toller
M-function (see Fig. 29), so that one may conclude only that the
continuation of A will be proportional to the physical amplitude.

An alternative and more conventional way to obtain the physical
amplitude is to add the "end-rungs' back onto the multiperipheral
ladder. As this involves the special end-rung kinematic configura-
tions which we have omitted from Section (5), we simply state the
answer with a few comments. In the energy plane, the end-rungs are

reattached according to

T, (8 = Zfdzlfdgz PL(8)K (NI ,(E, Y, ,E Ky, (NP, () -

1,2 (F.1)
A is the sum of all contributions of the form (10.1), Kal(nl) is the
left end-rung, and Pa(¢1) is the conventional helicity propagator
associated with the (a,a') channel, i.e.,

. '
P(6,) = hiMatna) (F.2)

Variable ¢, senses the channel helicity m = mai-m; of the two-particle
system (a,a'). The variables ny appearing in (F.1) are like the Vi
appearing in (10.1), but not quite because the end-rungs are always
in a mixed-basis configuration9 which causes z =ch(V) to be twisted

into z = i sh(n).
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The diagonalized version of (F.1) is

J - du f du' J J
@) = 30 [ o | S Pk (0P (DA, (1,2)

j
x P (2K, (2,0)P  (b) (F.3)
where
2T
- d¢ _-imd -
Pm(a) _/ﬁ— e Pa(d)) = Gm ma+ma . (F.4)
0

In Fig. 26 we schematize the procedure for reattaching the end-
rungs to get the physical amplitude. Once one has solved the integral
equation (10.8) for Aau, and computes the Tim' as in (F.3), the
absorptive part Tmm'(s’t) in the energy plane may be found from the
usual inversion of the Jacob-Wick expansion. However, one may return
directly to the energy plane without reattaching the end-rungs by

means of an expansion formula which is in effect the inverse of the

}f Idu' dj (25 + 1)
i

i 7l g-i-l j
o EYT B A GOl LML e P LA &)
(F.5)

projection (9.4):

A, (E,v,E")

where

sinm(2j) (F.6)
sinm(j - u')sinm(j + y)

SJ
uu!

The contours in (F.5) run up vertically to the right of all singulari-
ties of the integrand. However, the j contour C contains, in
addition to this vertical piece, clockwise loops around the integers

and half-integers to the left of the vertical component. Formula (F.5)
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can be derived from a completeness relation [q defined in Eq. (A.13)]

8Gxy) = +ifdi(2) + Desen()) Ty Ty
(x,y > 1) (F.7)

which in turn can be derived by the techniques of Ref. 9, Appendix G.1.
Finally, it should be noted that the projection (9.4) is precisely
the continuation of the usual Regge theory Froissart-Gribov projection
to imaginary and in general complex helicities. Formula (F.5) is (the
discontinuity of) the Mandelstam-Sommerfeld-Watson transform, the

discrete-helicity version of which was used to get Eq. (2.2) with (2.4).
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XBL 779-2260

Fig. 1. A particle pole term contained in the 6-point function.

XBL 779-2257

Fig. 2. A Regge pole contribution to the 6-point function.
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XBL 779-2261

Fig. 3. A particle pole term contained in the 4-point function.

4 1 T
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XBL 779-2262

Fig. 4. A Regge pole contribution to the 4-point function.
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XBL 779-2256

Fig. 5. A double-Regge contribution to the 5-point function.
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XBL 779-2265

Fig. 6. The standard Toller vertex in no-Regge, single-Regge,

and double-Regge configurations.

XBL 779-2253
Fig. 7. Elastic unitarity; X¢ is the Misheloff rotation for
particle 6.




Fig. 8.

-105-

XBL 779-2266

Multi-Regge production amplitude.

sa'm; m o r m; / LI ' mg Sy
Po P, P, P
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SUR moa,r mya,r, / mo o v m Sy
XBL 779-2252

Fig. 9.

Spin and helicity labeling for multiperipheral unitarity

product.

variables.

Upper variables are primed versions of lower
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v,0,q = B,

q, XBL 779-2267

Fig. 10. The BCP frame triad for a production vertex.

XBL 778-2268

Fig. 11. Two vertices combined to make one rung.

h,f

XBL 779-2250

Fig. 12. Four new frames added to the rung.
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v = Bx
( 6 = Ry
k, =3¢ H—H— k,
a b d € XBL 779-2271

Fig. 13. Central level frames f and g added to the rung.

hy % f
k, - ¥ —~— k,
611' 922'
k
2
k1 — 3 -
‘\\\\_31,,/’/, ‘\\\\~_f3—f’///
XBL 779-2247

Fig. 14. Complete 12-frame system describing one rung.
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q,v,0 = Bz]

[x,6 = Ry £ =By
14. Rungs are separated by
XBL 779-2246

Fig. 15. Multiperipheral ladder formed by combining rungs of Fig
y-boosts Ei' Legend indicates meaning of labeled parameters



Fig.

16.
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XBL 779-2251

Standard frames for triple-Regge vertex in its

spacelike configuration, A(t,tl,t;) < 0.
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a,s,0, -a,-1 0,5,04
] (erplmz ) Y,E, E ., (g,) ] (Vr2p n

XBL 779-2270

Fig. 17. Functional structure of the multiperipheral ladder, after

Mandelstam trick.

-r;  a! a's al m!
———( (i)lF1 .(h)v”sz o (B @) )—'—

15T lplmz n Km

-T o a.s o (!
——'—(ﬁ)’Fn‘“(h)V‘”F £) () )—————

Fig. 18. When E-functions of Fig. 17 are helicity-pole expanded,

residual functions F are grouped to the rungs to form

kernels. This is the kernel K12' XBL 779-2248



-111-

\
a,,
(S S o T T e W W W W W W

[
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i Y,Y, £,8, 6(k,E) e

XBL 779-2269

Fig. 19. The helicity-pole propagator.

Fig. 20. The kernel.

XBL 779-2249



-112-

XBL 779-2264

Fig. 21. Dotted figure shows segment of multiperipheral ladder
in parity-inverted world. In that world, frames shown

are connected by &' = -£.

K2y PalE,) Kp3l(v,) P(E,) K3y(v,)

XBL 779-2254

Fig. 22. The 3-particle or 3-cluster contribution to the

4-Reggeon amplitude.
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1
g v E'- 1 Vl 2 \)2 3 \)3 £3
u J W' u J A J A J u'
XBL 779-2259

Fig. 23. Functions B, C, D are convoluted to give function A.
The variables on the bottom line are conjugate to the
boost parameters as shown. The diagonal variable j is

angular momentum, variables p and A are helicities.

(a1, K(1,2)P(2)K(2,3)P(3)K(3,4)
(VRN IR TS TR IR W B S B TS
x x| Ixx = x x X x
£ N g' g,V & Vv, &V, E;

Fig. 24. The 3-particle/cluster contribution to the 4-Reggeon

amplitude, in both energy-plane and j-plane.

XBL 779-2258
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A(1,3) K(1,3) K(1,2) P(2) A(2,3)
VRN I VR uoJ o uoJj A j u'
£ v ¢ £ v g E v, & v, &

j-planes.

Fig. 25. The bootstrap equation in both energy- and
XBL 779-2263

P(a)K(a,1)P(1)A(1,2)P(2)K(2,b)P(b)

T(a,b)

m joom LA R O R I
b!

a' b' a'

a b a b

1
¢ v ¢ ¢, N, &, v, &m0
Fig. 26. The reattachment of the end-rungs (see Appendix F).

XBL 779-2255
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a,n, a,n, 272

The Regge-pole expansion of the unnormalized

4-Reggeon ring discontinuity. XBL 779-2312

Fig. 28. The vertex bootstrap. XBL 779-2313
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- 3WS

Fig. 29. Relation between discontinuity A and the Toller-
normalized 4-Reggeon ring discontinuity. The
R-notation is that of Ref. 7. XBL 779-2318

Yo- - -

Fig. 30. Relation between the cut vertex G and the Toller-
normalized ring function R. XBL 779-2319
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XBL 779-2316
Fig. 31. Highly schematic bootstrap for the

3-Reggeon ordered amplitude.

XBL 778-2317

Fig. 32. Vertex bootstrap with "dotted Reggeon' replacing

the single produced particle of Fig. 31.
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Fig. 33. The two twist-pair contribution to the cylinder in various

notations (see text). XBL 779-2314
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The diagonalized two twist-pair cylinder term near j =a.
XBL 779-2320

Fig. 34.
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Fig. 35. The C(l) cylinder term in the rapidity model.
XBL 779-2321

Me1.3) A(1,2) *P(2) A(2,3)
" j ' u 3 A J u'
E v oo¢ £ v, £, v, &

Fig. 36. The C(l) cylinder term with exact kinematics.
XBL 779-2322
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-j-1
XBL 779-2315
Fig. 37.

The complex helicity plane for Eq. (11.26) or (11.27).
If helicity pole h is in the right half-plane, contour
should be deformed to the right. The other poles may

or may not be present depending on nonsense zeros.
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XBL 779-2323

Fig. 38. C(l) may be expressed as a double Regge sum involving
the complete twisted Reggeon loop k. The cross-hatch
indicates that the loop has been summed over all

helicity poles of all possible Reggeon pairs.

~

T

~—/)

Fig. 39. Quark line structure of twisted Reggeon loop coupling meson

to baryonium. Since loop Reggeons are fermions, €-factors

in propagator are set to one-half. XBL 779-2324
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Fig. 40.

XBL 779-2311
Five frames of a movie showing the kinematic continuation of
a segment of the multiperipheral ladder from the multiperipheral
region A where t <0 to the cross channel physical region D where
t>0. Heavy line is equation A(t,tl,t;) = 0. Frames of movie are

described in Table 1 (next page).
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TABLE 1.
R LI L YR AR R R 5 LN R
t)%  (t)? +i(+8)*? 0% (s
-t)" -th* vi(e0)® si()® (+s,)"
t0%  ieD® si(en)® si()® (+s )"
vt a)® i (+0)% vi(t)? (+s )"
si(e)T si(e]))? +i(+0)* “ it);‘ -i(-s,)”




